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ABSTRACT

This study investigates the dynamical consequences of predator-induced fear in a predator-prey system by integrating nonlinear
fear effects, intraspecific competition, and Holling type II predation. We analyze both continuous- and discrete-time formulations
to capture a wide spectrum of ecological dynamics. The model exhibits rich behaviors, including stable coexistence, bistability,
oscillations, and chaotic dynamics, revealing how fear can fundamentally reshape population interactions. Analytical results
establish well-posedness and persistence, while numerical bifurcation analysis demonstrates that variations in key ecological
parameters can trigger qualitative transitions such as oscillatory outbreaks and complex irregular fluctuations. Global sensitivity
analysis identifies the dominant parameters controlling long-term population densities, thereby quantifying system robustness. To
account for environmental variability, a stochastic extension with multiplicative noise is examined, showing that moderate
fluctuations preserve coexistence, whereas strong disturbances may destabilize populations. Discrete-time analysis further un-
covers period-doubling routes to chaos and intricate bifurcation structures. Overall, the results highlight predator-induced fear as
a critical regulatory mechanism that can either stabilize or destabilize ecosystems, offering important ecological insights into
population management and the prediction of complex biological dynamics.

JCL Classification: 92D40; 92D25

1 | Introduction One such pathway is predator-induced fear, which can sub-
stantially modify prey behavior and physiology. The mere
presence of predators may cause prey to alter habitat use, reduce
foraging activity, increase vigilance, or undergo stress-related
physiological changes [6-9]. Although these antipredator strat-
egies may enhance short-term survival, they often incur energetic
costs that suppress growth and reproduction. Consequently, fear
effects can reduce prey fitness and population size, sometimes
exerting a stronger influence than direct predation itself.

Predator-prey interactions constitute a fundamental component of
ecological systems and have long served as a cornerstone of research
in both theoretical ecology and mathematical biology. Understanding
how predators regulate prey populations is a central ecological
question. Traditional predator-prey formulations, particularly those
derived from the Lotka-Volterra framework, typically regard direct
predation as the principal mechanism influencing prey density [1-5].
While direct killing is readily observable in nature, growing empirical
evidence suggests that predators can influence prey populations The role of fear-induced behavioral responses has been widely
through additional, indirect pathways. examined in predator-prey systems through deterministic
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modeling frameworks. Fear is typically incorporated as a pa-
rameter modifying prey reproduction or interaction terms,
leading to significant qualitative changes in system dynamics.
Sasmal et al. [10] reported multistability in a model with group
defense and a Holling type IV functional response. Panday et al.
[11] showed that fear can suppress chaos via period-halving
bifurcations in a tritrophic system. Incorporating reproductive
costs of fear, Sarkar and Khajanchi [12] demonstrated stabili-
zation through the removal of persistent oscillations. The in-
terplay between fear and supplementary resources was
investigated by Mondal et al. [13], while Wang and Zou [9]
analyzed delay-induced stability switches. These results confirm
that fear functions as a critical bifurcation parameter influencing
equilibrium stability and long-term dynamical behavior.

Beyond its influence on reproduction, predator-induced fear can
also affect prey mortality. Predator encounters do not always
result in immediate capture; injured prey may escape initially but
die later due to wounds or physiological stress [14]. Moreover,
chronic exposure to predation risk can elevate stress hormone
levels and deplete energy reserves, further increasing mortality
risk [15, 16]. Despite this, many existing models consider fear
effects only through reduced prey reproduction, overlooking
their potential contribution to prey death rates.

In addition to fear effects, realistic predator-prey modeling re-
quires accounting for intraspecific competition within predator
populations. When predator density becomes high relative to
prey availability, competition for limited resources reduces in-
dividual fitness and survival [17]. Such competition has been
observed in various ecological contexts, including blue-crab
populations, where aggressive interactions and injuries become
more frequent under food scarcity [18]. Incorporating predator
self-regulation through intraspecific competition has been
shown to significantly alter system stability and long-term dy-
namics [5, 19].

Another important limitation of deterministic predator-prey
models is their inability to capture environmental variability.
Natural ecosystems are subject to random fluctuations arising
from climate variability, resource availability, and other un-
predictable factors. Stochastic formulations, especially those
driven by Gaussian white noise, offer a more appropriate de-
scription of rapid environmental variability [20, 21]. White noise
perturbations modeled via Wiener processes have been success-
fully applied to ecological systems to assess the robustness of
dynamic behaviors under uncertainty [22, 23]. However, to the
best of our knowledge, predator-prey models simultaneously
incorporating fear effects, predator interference, and stochastic
environmental fluctuations remain largely unexplored.

Recently, the concept of fear ecology has also been extended to
marine ecosystems, particularly plankton-based food webs.
Several studies have investigated how fear influences in-
teractions among phytoplankton, zooplankton, and higher tro-
phic levels, revealing its potential role in shaping marine
population dynamics [24-26]. These findings further underscore
the broad ecological relevance of fear-mediated interactions
across both terrestrial and aquatic systems.

Unlike these diffusion-driven and harvesting-based models, the
present study emphasizes the nonlinear effects of predator-
induced fear on prey growth and ecosystem stability. Using

Lyapunov exponents and bifurcation theory, we reveal complex
oscillatory and chaotic behaviors emerging from fear dynam-
ics—an aspect yet to be addressed in the existing literature.

This work investigates the joint impact of bottom-up resource
regulation and top-down predation pressure within a preda-
tor-prey framework. We incorporate a fear-mediated modifica-
tion in the predators’ intraspecific competition and adopt
a Holling type II functional response to characterize predation
dynamics. The inclusion of the functional response ensures
a realistic representation of consumption rates and saturation
effects, thereby preserving the biological consistency of the
system.

The goal of this research is to address the following biological
questions.

« Can the fear level of prey increase the stability of the
predator-prey system?

» How do the dynamics of the predator—prey system change in
response to variations in the predator population’s con-
sumer rate and mortality rate?

« What role does predator conversion efficiency play in
regulating the dynamic behavior of the predator-prey
system?

The paper is organized as follows. The construction of a math-
ematical model based on the above set of assumptions is per-
formed in Section 2. In Section 3, the well-posedness of the model
and the boundedness of solutions are established. Section 4 is
devoted to a detailed analytical investigation of the system dy-
namics, including the existence of equilibria, their local stability
properties, and the associated bifurcation analysis. Comparative
studies of two systems are summarized in Section 5. The next
section is devoted to the global sensitivity analysis of the model.
The coexistence equilibrium point’s stochastic stability is
addressed in Section 7. Sections 8 and 9, respectively, contain the
numerical simulations of continuous and discrete system. Fi-
nally, Section 10 concludes the paper with a summary of the
main results, ecological interpretations, and directions for future
research.

2 | The Mathematical Model

This section develops the mathematical formulation of the
system by incorporating interspecies competition [5, 19] in the
predator and prey fear [7, 27], and our model takes the form

dx rx ,  mxy

a R+l a1V
@
dy  emxy >
G- mip YW =hkY)
System (1) is analyzed with the following initial conditions:
x(0) >0,
@
¥(0) > 0.

The model describes a predator-prey system in which x(¢) and
y(t) represent the population densities of the prey and predator,
respectively, at time ¢.
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In this formulation, the symbols have the following biological
meanings:

« ris the prey’s intrinsic growth rate,

« r; measures the reduction in prey growth due to intraspecific
competition,

« m characterizes the rate at which an individual predator
consumes prey,

+ e denotes the conversion efficiency of prey biomass into
predator growth,

« a denotes the predator’s attack rate on prey,

« bisthe handling time (the time a predator spends processing
each prey),

« d is the predator’s natural death rate,
« h quantifies intraspecific competition among predators, and

+ K represents the level of prey fear caused by antipredator
reactions.

A prey-dependent predator-prey model is formulated in-
corporating the following features:

« A Holling type II functional response.
« The prey grows logistically.

« The prey population exhibits fear-driven antipredator
behavior [7].

Using K to represent the level of prey fear caused by antipredator
reactions, we can express it explicitly as
r

FoK) = 1+ Ky

3

Here, F(y; K) denotes the effective reproduction rate of the prey
population under the influence of fear, while K quantifies the
level of prey fear caused by antipredator responses. Biologically,
an increase in K reflects stronger fear effects (e.g., reduced
foraging or reproduction due to predator presence), which leads
to a decline in the prey’s reproductive rate.

Ecological considerations motivate the following assumptions on
s K):
1. F(y; 0) = r: the reproduction rate of the prey remains
constant without the fear effect.

2. F(0; K) = r: the prey’s reproductive rate remains consistent
in the absence of the predator.

3. limg—,F(y; K) = 0: fearful prey under strong fear pressure
cannot reproduce.

4. lim,_,F(y; K) = 0: reproduction among prey becomes
impossible when predator density becomes
sufficiently large.

5. With a high level of fear, the prey reproduction rate decreases

dF(y; K)
67 <0. (4)

6. With a high predator density, the prey reproduction rate
decreases

FUK)

5 s)

3 | Some Preliminary Results

3.1 | Positivity and Boundedness of Solutions

The validity of the model relies on demonstrating the positivity
and boundedness of solutions for System (1). We prioritize
establishing the positivity of the solutions, highlighting their
significance.

Proposition 1. For each initial condition (xo, yo) € R%, System
(1) admits a unique solution (x(t),y(t)) such that x(t) > 0 and
y() >0 forall t > 0.

Proof 1. See Appendix Al O
3.2 | Boundedness of the System

Proposition 2. The region
1 M
A= (x,y)ERi:OSx+Ey§—$ (6)
14

contains all solutions of System (1) as t — oo for all positive
initial values (xo, o) € Ri, where y < min{r, d} and M= /.

Proof 2. See Appendix A2. O

3.3 | Persistence

The non-negativity of solutions to System (1) is a necessary
property for biological validity and long-term population sus-
tainability. For persistence of System (1), there exists a compact
set Dy C¥; ={(xy): x>0, y>0} such that every solution
ultimately enters D; and remains there for all sufficiently large t.

Proposition 3. System (1) exhibits persistence if the following
conditions are satisfied:

r>d, @)
> 1 [@ + da]. (8)
e r
Proof 3. See Appendix A3. O

4 | Stability and Bifurcation Analyses of the Model
@

This section presents a comprehensive analytical study of the
system dynamics, focusing on equilibrium analysis, local stability
properties, and bifurcation behavior with respect to key model
parameters.

The steady states of System (1) are obtained by solving the
nonlinear algebraic equations fi(x,y) =0 and f(x,y) = 0. We
denote the equilibria by Ey(0, 0), E1(¥/r1, 0), and E*(x*,y*), cor-
responding to the extinction state, the predator-free state, and the
interior coexistence state, respectively.

To investigate local stability, we linearize System (1) around an
arbitrary equilibrium point. This is accomplished by evaluating
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the associated Jacobian matrix at each steady state, which de-
termines the qualitative behavior of solutions in its
neighborhood.

The Jacobian matrix at E = (X, y) is given by

r+amx‘y__r_my_m>_c_Kr)_c
Ky+1" (b+ax)? ""b+ax b+ax (Ky+ 1)
7:
emy aemxy _ emx
- —d—2h
b+ax (b+ax)’ Yt b ax

©

4.1 | Existence and Stability of Trivial and
Predator-Free Equilibria

This subsection analyzes the system’s local behavior (1) around
its trivial and predator-free equilibrium points.

4.1.1 | Trivial Equilibrium E,(0, 0)

The trivial equilibrium Ey(0, 0) exists for all admissible parameter

4.1.2 | Predator-Free Equilibrium E;

The boundary equilibrium E; is characterized by x; = r/r; and
y1 = 0. Linearization of System (9) about E; yields two real
eigenvalues,—r < 0 and u,(Rg — 1). The threshold quantity Ry is
defined by
emr
Ry=————< 1.
° = dor +ar) (10)

Consequently, E; attains local asymptotic stability precisely
when Condition (10) holds.

4.2 | Existence and Stability of the Coexistence
Equilibrium E" = (x",y")

This subsection analyzes the system’s local behavior (1) around
its coexistence equilibrium point. The interior equilibrium E* =
(x*,¥*) does not admit a closed-form expression. In particular, y*
can be written in terms of x* as y* = (1/h)((emx*)/(ax* + b) — d).
Substituting this expression into the equilibrium condition leads
to a quartic polynomial equation in x* which is represented by

values. Substituting this point into the Jacobian matrix (9) gives 4
n _
the eigenvalues —d < 0 and r > 0. Since one eigenvalue is pos- ZOBnX =0, (11)
n=

itive and the other is negative, E, is a saddle point and therefore
unstable. whose coefficients are

B, = (—a*h*r + a*dhKr, — a*ehKmr,),

By = (a’h*r — 3a’bh’r; + 3a’bdhKr, — 2abehKmr,),

B, = (a’dhm — a’d’Km — aehm® + 2adeKm* — e’Km® + 3a’bh’r — 3ab*h’r, + 3ab’dhKr, — b*ehKmr,), (12)

By = (2abdhm — 2abd*’Km — behm® + 2bdeKm® + 3ab’*h*r — b>h*ry + b*dhKry),

By = b*dhm — b*d*Km + b*h*r.

Next, we analyze the corresponding algebraic equation and
derive parameter conditions under which its roots remain pos-
itive. Figure 1 illustrates the prey and predator nullclines of the
system, whose relative positions and intersection explain the
existence and local stability of the coexistence equilibrium E*,
thereby providing a geometric interpretation of the underlying
dynamics.

To establish the coexistence equilibrium, we require at least one
positive root of (11). In general, this polynomial can possess up to
four complex zeros. We assume that two of them form a conju-
gate pair, denoted by a and a*. Accordingly, the associated
quadratic factor takes the following form [28]:

4 -~ -~
3 BaX" = Bi(X* +0uX + 0:)(X* +B,X +3.)
n=0

X2+ 0X+0,=(X - a)<X _ o?‘) =X* —2Re (@)X + A’
(13)
where §; = —2Re(@) and 6, = [al>.

We suppose that Equation (11) possesses two real solutions x}
and x5, satisfying (x} +x3) = —p, and xjx} = qj.

As a result, the factorization of equation (11) can be expressed as
follows:

(14)

= B4[X4 + (ﬁr +§1>X3 + (92 +/q\s +b\1ﬁr)X2 + (b\l/q\s +@2ﬁr>X +92z1\s:|‘

Equating coefficients in the factorized expression yields
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FIGURE 1 | The prey-predator nullcline configuration (green for
prey and red for predator) corresponding to the parameter set (56) is
presented together with a numerical trajectory generated in MATLAB
using a step size At = 0.01 and initial condition (1.12, 0.35) illustrating
convergence toward the equilibrium E*.

~ _ B ~
D, = B, + 2Re(),
15)
~ _ Bo
*7 Bl

We next analyze the two admissible cases.

Case 1: Suppose that g, > 0 and p, < 0. In particular, when
(ah)/(ad —em) < K < (dhm + bh?r)/(d>m), the quadratic
equation admits two distinct real roots. Moreover, both roots are
positive provided that the discriminant condition ﬁf —4q, > 0
holds.

Therefore, the two distinct positive real roots are obtained as

follows:
~ 2 A
=P, +/Pr — 44,

X=— "
2
(16)
~ 2 A
« —Pr—\/Pr — 4qs
X, =—\F
2 2

The admissibility of these roots requires B; < 0 together with
~2

D, —4g, > 0.

Case 2: Suppose that g, <0, which arises whenever
Max{(dhm + bh?r)/(d’*m), (ah)/(ad — em)} < K. In this situation,
the quadratic equation admits exactly one positive real root
consistent with the stated requirements. Consequently, the co-
existence equilibrium E*(x*,y*) exists whenever the above
conditions are fulfilled.

bd s

(a): x* > ——, )
em —ad e
17)
dhm + bh*r  ah

: < K.
d,m ad — em}

(0): - — 4G, > 0, (d): Max{

Thus, E*(x*, y*) exists whenever x* > 0 and y* > 0.

amx*y* .« m Kr
ﬁ - rlx —X s + . 2
(ax* + b) ax*+b  (Ky* +1)
= . @18)
bemy*
(ax" + b)’

e

The linearization of the system at the coexistence equilibrium E*
yields the characteristic polynomial

P+Qi+Q =0, (19)
where
=x"\rn—-———7——|+h"
Q ( 1 (@ + b)z) Ly
may* bemx*y* m Kr
Q= hx*y*(rl - — Y 2) +— Y 2( . + - 2).
(ax* +b) (ax* + b)*\ax" +b  (Ky* +1)
(20)
Now, Q; > 0, and Q, > 0 if
may*
rn > ——-. 21
P (e + b)Y 1)

In this case, Equation (19) has two roots with negative real parts,
indicating that the local stability of E* is evident.

Thus, violation of condition (21) may lead to the occurrence of
the “paradox of enrichment” in System (1).
4.3 | Global Stability at E*

Building on the local stability results, this subsection examines
the global stability of the coexistence equilibrium E* using
Lyapunov methods.

Proposition 4. If r; > (amy*)/(ax* +b), then E* is globally
asymptotically stable.

Proof 4. See Appendix A4. O

4.4 | Hopf Bifurcation at E" = (x",y")

This subsection investigates the Hopf bifurcation of System (1)
around the coexistence equilibrium E*, identifying the critical
parameter values at which periodic oscillations emerge.

Proposition 5. The necessary and sufficient conditions for Hopf
bifurcation of (1) at E* for m = m" are
d
[ it = O [tV > O, a0 (1T # 0.
(22)

Proof 5. See Appendix AS5. O

4.4.1 | Direction of Hopf Bifurcation at E" = (x",y")

Taking m as the bifurcation parameter, the preceding result
establishes that System (1) exhibits a Hopf bifurcation at the
coexistence equilibrium E*(x*,y*). We now investigate the di-
rection of the bifurcation and the stability of the periodic solu-
tions emanating from E*. For this purpose, the first Lyapunov
coefficient is evaluated, and the criteria stated in [29] are
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employed. To facilitate the analysis, the equilibrium E*(x*, y*) is
shifted to the origin via the transformation Z; = x —x*,

Z» =y —y*. In terms of the new variables, system (1) takes the
form

m(zy +x*) (2 +y*)

dz rzZ +x* N
—1=7( L )* —rl(z1+x*)2— A (23)
dt 1+K(Zz+y) al(z1+x)+b
dz, em(21 + X*)(’Z\z +y") ~ ~ 2
— = = —d(Z+y")—h(zZ +y"). 24
dt a(z1+x*)+b (2 y) (2 J’) 4
Truncating the Taylor series at third order about (Z1,%,) = (0, 0)
yields the following dynamical system:
X A o o A2 aaA A2 3 2 A2 3 ~4
21 = C1021 + Co122 + C202; + C112122 + Co23, + C302; + C2127%2 + C1221%, + Co3Z, + (9(|Z| ), (25)
A S oA Soa 52 S oas S a2 53 5 28 5 A2 S A3 ~
22 = dio21 + doizz + d2Z2; + diiZiZ2 + d2Z, + d302; + A2, 22 + 12212, + dosz, + (9(|Z|4),
where
_ . amx*y*  _ J m Kr _ abmy”*
Clo=—NX +———7,C01 = —X)—— + o C0 =13
(ax* + b) ax*+b  (1+Ky*) (ax* +b)
— { bm 4 Kr ]’ —— rK2x* —— a’bmy*
YT @ b A+ T A+ YT (e + b)Y
S abm o rK? o rKs;x* 26)
21 (@ +b) 12 1+ K) 03 A+ K
- bemy* — .= abemy* - bem -
dio=——"=,do1 = —hy*,dy = — L dyp = , do, = —h,
10 (@ + b)2 01 Y, d20 (@ + b)3 11 (@ + b)2 02
2 *
- a‘bemy” — abem — _
dy = *7}74, n=————50d12=0,dp; =0.
(ax* + b) (ax* +b)
Neglecting the higher-order terms, we reformulate system (25) as Cn O
follows: S=Re(), -ImW)) = _ . (29)
—Ci0 —Wo

7=nZ+HZ), Z= (fl’ ) 27)
22.

where

H=| _
H,
S O S S SO B |
_( €202, + 112122 + €023, + €302, + 217,22 + C1221%; + C03%, ]
15 2 5 a4 52 53 5 2+ 5 A2 = 3
dxz; + duZi22 + doaz, + da0Z; + daiZi 2 + di12217, + dosg,

(28)

At m = mfl, the eigenvector V of the Jacobian matrix J} corre-
sponding to the eigenvalues iwy is given by V = (o, iwg — Em)T.
Now, let us define

letZ=SYorY= S‘lz where Y = (y1, yz)T. Under the above
transformation, system (27) can be expressed in the form

Y = (STUTS)Y + STLH(SY). Equivalently, it reduces to

(yl ) 0 —ao ) (yl
.= +
Y2 wy O Y2
where al and az denote the higher-order nonlinear terms in y;
and y,. In particular, these functions are given by

o N
Q (y1,ysz m=m") | Gy

az(be’z; m = m")

~ 1A~ ~
Q' (yiys mu = m") = E—Hl,Qz(yl,yz; m; = m")
01
(31)

1 A PN
=- (CloHl + CmHz),
@0Co1
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with

a = =2 == - = =2\ 2 - = = = 2= 2
H, = (020001 — C11C01C10 + Cozclo)yl + 600(2002(310 - Cu&)l)}’l}’z + wCo2;

- - 22 J—) ) _ 2 _ 3 3— .3 _ o —
+ (C12C01010 — Co3Cqg + C30Cy; — 021C01C10>y1 — wyCo3Y; + (w02C12C10C01 (32)

= =2 - =2\ 2 2(= = = = 2
—C21Cy; — 3003010))’1J’2 + 600(012001 - 3c03c10)y1y2,

and

~ o, -, - _
H, = <dzocm — d11Co1C10 + doz%;)}’% + wo(2do2C10 — 1101 )y1y2 + wdo2ys

- _ 2 5 3 = 3 = _2_ =
+ <d12€01010 — do3€yy + d30Cyp — d21001C10>yi - wédozyi + (33)

- _ = 2 = 2 — -
w0(2d12010001 —dyCy — 3d03010>yfy2 + wj(di2Cor — 3dosCio Y1y

To evaluate the stability and direction of a periodic solution, we
compute the first Lyapunov coefficient [29]:

111 PN A2 ~2
L= E[Qlll +Qn+Q+ szz]

1 141 /A1 A1 A2 (A2 A2 Al ~2 Al A2
+ o] Q@+ 2) = Q@1 +032) - 00201 + 2000

(34)
where
~k
~k  3%Q .
i = A A 5 5 = 0’ 0; sy
Q; 6y1-6yj|(yl v m) = (0,0, m")
(33)
Ak a3ak
0= =l0nysm) =(0,0,m"), ijkle{l2}.
Qi ayiayjayll(yl Y2 m) ( m ) LJ {1, 2}

The sign of the first Lyapunov coefficient determines the type of
Hopf bifurcation: if [; < 0, it is a supercritical Hopf bifurcation,
and if [; > 0, it is a subcritical Hopf bifurcation.

Remark 1. A straight forward calculation shows that Ey(0, 0)
is always unstable since one eigen value isr > 0and E;(#/r,, 0)
is locally asymptotically stable iff (emr)/(d(br; + ar)) < 1. In
addition, the trace and determinant of the Jacobian matrix of
system (46) around E* (%",5") are —%"(r; — (ma" Y/(aX* + b)?) —
hy*, and hx'P"(r, — (may" Y (@xX" + b)*) +((bemx'y")/(aX" + b)?)
(m/(aX" + b)). For certain parameter values, the trace has the
potential to become zero. This indicates the potential for
obtaining purely imaginary roots, consequently leading to
a Hopf bifurcation. The determinant has the potential to
become zero within certain parametric ranges, leading to the
emergence of bifurcations such as saddle-node bifurcations
(SNB), transcritical bifurcations (TCBs), and Bogda-
nov-Takens bifurcation (BTB).

4.4.2 | A Normal Form of the BTB
We consider the planar system

Xx=f(xj}), xe€R%:jieR? (36)
where f is a smooth mapping. Suppose that x =0 is an equi-
librium of (36) at si = 0 and that the corresponding eigenvalues
satisfy 4;, = 0. In addition, we assume that Jxf(0, 0) is nilpotent

but not identically zero. Then, for j = 0, System (36) can be
expressed as

% = If (0, 0)x + F(x), (37)

where F(x) = O(||x||*) contains all quadratic and higher order
terms [30]. The matrix Jyf(0, 0) admits a single eigenvector v;
corresponding to the double eigenvalue 0. In addition, there
exists a generalized eigenvector v, such that

Tf (0,007, = Y. (38)

Let V = [¥1¥,] denote the nonsingular matrix formed by these
linearly independent vectors. Introducing the coordinate
transformation

y=V'x (39)

g=V ofoV. (40)

Specifically, when i = 0, System (37) transforms into the fol-
lowing form:

¥=3,80.0y+(V" o F o V), (4D)

where
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01
3,8(0,0) = (0 0). (42)

Expanding (40) in a Taylor series with respect to y = (y1,¥2)
around (y1,y,) = (0,0), we obtain the following expressions:

. e e . 1, . . 1, .
Y1 = Y2 + doo(it) + dio(i)yr + dor ()y2 + Eaon')Y% + an(iyy: + anz(ﬂ)yg +o(lIylI*).

(43)

N v 1. o 1. .
Y2 = boo(it) + bro(i)y1 + bo1 (1)y> + Ebzo(ﬂ)ﬁ + bu(y1y: + EbOZ(M)Jé + O(||J’||3)’

where the coefficients a;;(j#) and b;(ji) are smooth functions that
can be determined from (36), (39), and (40). Specifically, at ;i = 0,
from (37) and (41), we find dg(0) = d10(0) = ¢o1(0) = bgo(0) =
b10(0) = by1(0) = 0. The following proposition characterizes the
normal form of the BTB.

Proposition 6. We consider the planar system (36) with ji = 0.
Suppose that the origin is an equilibrium possessing a double zero
eigenvalue; ie., 11,(0) =0. We assume the following genericity
conditions:

1. The Jacobian Jxf(0,0) is not the null matrix;
2. a0(0) + b11(0) # 0;
3. by(0) #0;

4. The map (x, ji) — (f(x, jt), trlxf(x, jt), detIxf (X, j1)) is regular
at (x, 1) = (0,0) € R*.

Proof 6. Under these assumptions, one can introduce a smooth
and locally invertible parameter transformation such that in
a neighborhood of (%, /) = (0, 0), the dynamics generated by f are
topologically equivalent to the associated normal form

ih =

, ] , (44)
n, = ar + ax + 15 + Snin2

where s = byo(0)(20(0) + b11(0)) = 1.

The normal form in (44) was first derived by Bogdanov [31], with
an equivalent formulation independently obtained by Takens
[32]. A comprehensive treatment and proof are provided in [33].
For brevity, the detailed computations establishing the presence
of a BTB in System (1) are not included. Nevertheless, Conditions
(1)-(4) ensure local topological equivalence to the corresponding
normal form. Numerical simulations further corroborate the
occurrence of the BTB (see Figures 2(a), 2(b), 2(c), and 2(d)).

Consequently, there exists a smooth local change of variables,
together with an orientation-preserving time reparametrization
and parameter transformation, under which System (1) is locally
topologically conjugate, near (x,y, m, b) = (0,0, m*, b*), to the
Bogdanov-Takens normal form

e , } (45)
M=o +am+n, £ mn

where the sign of the nonlinear coupling term 7,7, is determined
by 20(0)(d20(0) + b11(0)). O

45 | TCB at E;

This subsection is devoted to the analysis of a TCB of System (1)
at the predator-free equilibrium point Ej.

Proposition 7. As the system bifurcation parameter m surpasses
the critical threshold m = m'C, System (1) experiences a TCB.

Proof 7. See Appendix A6. O

Figures 3(a) and 3(b) are intended to illustrate the qualitative
change in system behavior occurring at the critical threshold
m = m’C. At this point, two equilibrium branches intersect and
exchange their stability properties, which is the defining char-
acteristic of a TCB. The graphical representation therefore
provides a visual confirmation of the analytical results and
clarifies how variations in the control parameter m drive tran-
sitions between different dynamical regimes of the model.

5 | Absence of Fear Effect

In this section, we compare the dynamics of System (1) in the
presence and absence of the fear effect and summarize the
findings in tabular form.

In absence of fear, System (1) takes the form:
A T
Zt)=F(Z) = (fl(Z) fz(Z)) . Z=(y) e,  (46)
where  f,(2) = —nx® — (my)(ax+b),  f,(2) = (emxy)/
(ax+b) —dy—hy*, 2; ={Z€R}}, and Z(0) > 0. The initial
findings, encompassing aspects such as solution existence,
uniqueness, dissipativeness, and solution boundedness for Sys-
tem (46), can be readily demonstrated by employing the ap-
proaches outlined in Haque’s work [19]. In a similar fashion, we
checked the “permanence” and “paradox of enrichment” for the
model (46) and summarized the results, in Tables 1 and 2, re-
spectively, for comparison purposes with the Model (1).

Table 3 provides a comprehensive summary of the dynamics
exhibited by Systems (1) and (46). In this context, LAS, GAS, and
TCB represent local asymptotic stability, global asymptotic sta-
bility, and transcritical bifurcation.

6 | Global Sensitivity Analysis

A global sensitivity analysis of System (1) was conducted using
Latin hypercube sampling (LHS) combined with partial rank
correlation coefficients (PRCCs). LHS was applied to efficiently
sample the parameter space, while PRCCs measured the
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FIGURE2 | (a-d)Bifurcation structures in the two-parameter planes (m, K), (m, r1), (m, b), and (r1, K), demonstrating the corresponding transitions

in the qualitative behavior of the system.

monotonic influence of parameters on the prey population
density.

A total of 5000 LHS realizations was generated, with each pa-
rameter independently sampled from a uniform distribution
within +50 % of its baseline value (see Equation (56)). Param-
eters with absolute PRCC values greater than +0.5 were iden-
tified as having a strong impact on prey-predator dynamics.
Accordingly, r, 11, K, m, b, and d emerged as the most influential
parameters, as illustrated in Figures 4(a) and 4(b).

7 | The Stochastic Model With White Noise

Deterministic predator-prey models assume constant environ-
mental conditions, whereas real ecosystems are subject to ran-
dom fluctuations caused by climate variability, resource
availability, habitat disturbances, and disease. Such uncertainties
can strongly influence population growth and species in-
teractions and are not adequately described by deterministic
dynamics alone. To capture these effects, we incorporate
Gaussian white noise into the model, representing rapid and
unpredictable environmental variations. Multiplicative noise is
adopted since environmental disturbances typically scale with
population density, ensuring that fluctuations weaken near

equilibrium states and preserving biological realism. This sto-
chastic formulation allows us to examine how environmental
variability affects the stability of coexistence and to assess the
resilience of predator-prey interactions under random pertur-
bations, thereby providing a more realistic representation of
population dynamics observed in nature.

This section investigates the influence of environmental vari-
ability on the proposed model. All parameters are assumed to be
time-invariant, and particular attention is given to the stochastic
stability of the coexistence equilibrium. A deterministic frame-
work can account for environmental variability by treating key
parameters as random or by superimposing stochastic effects on
the evolution equations [34, 35]. Here, we implement the latter
method and introduce stochastic fluctuations directly into the
state variables. In natural ecosystems, environmental variability
rarely acts as constant additive forces; instead, fluctuations scale
with population densities. For example, larger populations ex-
perience stronger absolute disturbances, while smaller pop-
ulations are less affected. To capture this ecological realism, we
employ multiplicative Gaussian white noise rather than additive
noise. Multiplicative noise ensures that perturbations vanish at
equilibrium and increase proportionally with deviations, which
is more biologically consistent for prey—predator systems. The
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noise intensity parameters o; and o, quantify the strength of
environmental disturbances on prey and predator populations,
respectively. Small values of ¢; (i = 1,2) represent mild seasonal
fluctuations under which coexistence remains stable, whereas
larger values correspond to strong disturbances (e.g., habitat loss,
disease outbreaks), which may destabilize coexistence.
Expanding the deterministic system (1), we derive the stochastic
model as follows, based on the above assumption:

dx = G1(x, y)dt + o1(x — x*)détl,

i 47)

dy = Ga(x, y)dt + o2(y — y*)d&;.
Here, 07 and o, quantify the strengths of environmental per-
turbations, and fi =&(t)(i=1,2) are independent standard
Wiener processes [36]. System (47) can be written in the It 0 form

dX; = G(t, Xy)dt + g(t, X,)d&;, Xy = Xo. (48)

The associated It 0 process is X; = (x, 7T for ¢ > 0. The function G
represents the deterministic drift term, assumed to be continuous,
whereas the diffusion matrix is given by
g = diag[o1(x — x*), 62(y —y*)], which accounts for stochastic
fluctuations. Moreover, & = (&, rftz)T denotes a two-dimensional
Wiener process whose increments Aé{ = &(t + At) — &(t) are in-
dependent Gaussian random variables with distribution N(0, At).
Since the diffusion matrix depends explicitly on the state variable X;,
System (47) is characterized by multiplicative noise.

7.1 | Stochastic Stability of the Coexistence
Equilibrium

To recast System (47) about the coexistence equilibrium E*, we
introduce the perturbation variable u(t) = (u(¢), u2(t))", where
u; =x—x* and u, =y —y*. The equilibrium E* is thereby
shifted to the origin. Although mean-square asymptotic sta-
bility can be investigated for the full nonlinear stochastic
model via Lyapunov function techniques, as considered in
[37, 38], such an approach involves substantial analytical
complexity. For tractability, we therefore confine our atten-
tion to the stochastic system obtained by linearizing (47) in
a neighborhood of E*. Accordingly, the linear approximation
of (48) at the coexistence equilibrium E* takes the following
form:

du(t) = Fr(u(t))de + g(u(0)dé(), (49)

whereg(u(t)) = diag[o1uy, oru,] and
[ _Aallul _AaIZMZ

az1Uy — AUy
x*(m/(b+ ax*) + (K)/(Ky* +1)°), @z = (emby*)/ (b + ax*)?,
@y, = hy*. The coexistence equilibrium is represented by the
origin (i3, uy) = (0,0). Let 2 = [(t > t) X R?, o € R*], and we
consider a function O(t, X) € C?(Q). That is, @ is continuously
differentiable with respect to ¢ and twice continuously differ-
entiable with respect to the state variable X.

Fr(u(n)

] = Mu, @11 = rnx* — (amx*y*)/(b + ax*)*, a1

25 T T T I T T T 0'5 T T T I T T T
I I
I I
i 0.45 - i -
1 1
I I
I I
20 | | 0.4 ! .
:\ 0.35 !
I (1.78,20) 351 ! 1
I I
15} | 1 03} | 1
i i
I I
= > 0.25F g
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10 | X - 02} ! ]
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I I
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I I
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FIGURE 3 | A transcritical bifurcation occurs at m = myc = 1.78, where the stability of the equilibrium branches is exchanged. Numerical
simulations are performed using MATLAB’s ode45 solver with time step At = 0.01, and all other parameters are fixed at their reference parameter set
(56).
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TABLE 1 | Permanence results of Systems (1) and (46).

Models Condition
(1) m > m™ = (d(ar + bry))/(er)
(46) m > m' = (d(ar + bry))/(er)

TABLE 2 | The conditions for “paradox of enrichment” of the Models
(1) and (46).

No. Models Paradox of enrichment Conditions

1 (1) Happens If (21) is violated
2 (46) Happens If (21) is violated
Lot ) = 2OEHO) | pr ) 2O 1)
(50)
+ oo % |
where

96 _ (a@ a@> -

a_u_ c?ul 6u2

s’o(tu) [ 8°0
Tt \duwdu

ij=12

In light of these circumstances, we recall the pertinent finding
from [39].

Proposition 8. If the functions O(u, t) € C,(£2) and Le satisfy
the conditions specified as follows:

Tilul’ < 0@, t) <Huf, (52)
Lo(u,t) < —?3|u|7,’r\i >0,i=123y>0, (53)

then the zero solution of equation (49) exhibits exponential
y-stability across all time intervals for t > 0.

Remark 2. When y = 2, the criteria given in (52)-(53) guarantee
that the trivial solution of (49) is exponentially stable in the
mean-square sense. Furthermore, it follows from [39] that this
equilibrium is also globally asymptotically stable in probability,
highlighting the strengthened stability behavior associated with
the choice y = 2.

TABLE 3 | Conditions for TCB, LAS, and GAS of the Models (1) and (46).

No. Models Conditions Results
1 1) iff r; > (may*)/(ax* + b)? LAS

(46) iff r; > (may")(aX" + b)? LAS
2 (1) & (46) iff m = m™ TCB
3 (1) iff r, > (amy*)/(ax* + b)& GAS

h(ry — (amy*)/(axs + b))(b + ax*)/(be)) > (V4)((rK)/(Ky*+1))*
4 (46) iff r; > (amy")/(aX" + b) GAS
Prey Predator
1 T ; ; . . . : : : 1 T : ; ; . . . . .

PRCC

(@)

PRCC

(b)

FIGURE 4 | (a-b) Analysis of parameter sensitivity for the prey (a) and predator (b); baseline parameter values are listed in equation (56).
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Proposition 9. Suppose that @i, < 0. For some w; >0, if
o7 < 24y, it follows that

O’% < 2&22, (54)
where
G~
w1 = ,\12, a;; > 0. (55)
az

Under these conditions, the zero solution of System (47) is as-
ymptotically stable in the mean-square sense.

Proof 8. See Appendix A7. O

Remark 3. Proposition 9 provides the essential criteria for
guaranteeing the stochastic stability of the coexistence equilib-
rium; see [40] for related results. Hence, the stability of the
stochastic system is strongly influenced by the combined effects
of intrinsic model parameters and the intensity of environmental
variability.

8 | Numerical Simulations

This section substantiates the theoretical findings through nu-
merical experiments that are consistent with the analytical
predictions. Using simulation procedures similar to those re-
ported in [19, 41], we examine the system dynamics and dem-
onstrate the applicability of the derived results. For
computational purposes, the parameter set is chosen as

r=4r =02K=25a=17b=16d=0.03,

(56)
e =0.03, m = 3.6,h = 0.01.
The coexistence equilibrium E* = (1.01, 0.28) is locally asymp-
totically stable and behaves as a stable focus, as illustrated in
Figures 5(a).

8.1 | Effects of r

Keeping all other parameters fixed, System (1) displays oscilla-
tory behavior around the coexistence equilibrium E* as the in-
trinsic growth rate r increases from 4 to 8 (see Figures 5(b)). To
illustrate the asymptotic dynamics of both species, bifurcation
diagrams with respect to r are presented in Figures 6(a) and 6(b).
The analysis reveals a Hopf bifurcation at r = 6.77 and a branch
point at r = 0.17, indicated by (H) and (BP), respectively. The
first Lyapunov coefficient at the Hopf point is —0.08, confirming
that the bifurcation is supercritical and gives rise to a stable limit
cycle. In contrast, a positive coefficient would correspond to an
unstable periodic orbit. The branch point (BP) represents a TCB.

8.2 | Effect of r;

When the intraspecies competition rate of prey, ry, is low, the
dynamical system becomes unstable, particularly at r; = 0.16, as
shown in Figures 5(c) The influence of r; on system (1) is ex-
amined, and the corresponding steady-state behavior of both
species is presented in Figures 7(a) and 7(b). These figures reveal
that as r; changes, the system exhibits different behaviors. The
Hopf point (H) is detected at r; = 0.16 (red star), and the as-
sociated first Lyapunov coefficient is —0.07.

8.3 | Effects of K

For lower values of the fear parameter K, the system loses sta-
bility; in particular, instability is observed at K =12 (see
Figures 5(d)). We demonstrate the stable-state dynamics of each
population by plotting different values of K, as seen in
Figures 8(a) and 8(b). Two Hopf points, indicated by red stars
(H), are found at K = 13.72 and 0.68, respectively. The negative
first Lyapunov coefficients, —0.08 and —0.008, indicate the
emergence of stable periodic orbits at these points.

8.4 | Effects of m

With all parameters in System (1) fixed except m, the dynamics
near the coexistence equilibrium E* become oscillatory as m
increases from 3.6 to 4; see Figure 9(a). The steady-state branches
of the populations with respect to m are shown in Figures 10(a)
and (b) to further clarify the equilibrium structure.

Atm = 3.99 and m = 1.78, the system possesses a Hopf point (H)
and a Branch point (BP), respectively. The associated Lyapunov
coefficient —0.08 confirms a supercritical Hopf bifurcation, while
the branch point represents a TCB (m'°).

8.5 | Effects of e

Fixing all parameters in System (1) except e, the dynamics nearE*
become oscillatory as e shift from 0.03 to 0.035; see Figure 9(b). In
contrast, when e decreases from 0.03 to 0.01, the system ap-
proaches the predator-free equilibrium, as depicted in Figure 9(c).

To illustrate the equilibrium response of each population, bi-
furcation diagrams are constructed for varying values of e (see
Figures 11(a) and (b)). A Hopf bifurcation (H) occurs at
e = 0.034, while a branch point (BP) appears at e = 0.015. With
the first Lyapunov coefficient evaluated as —0.1, the Hopf bi-
furcation is supercritical and yields a stable limit cycle; in
contrast, the branch point represents a TCB.

8.6 | Effect of d

The natural mortality rate of predators, denoted as d, plays
a crucial role in altering the behaviors of both prey and predators.
When the predator mortality rate d is low, the system exhibits
unstable dynamics, particularly at d = 0.025 (see Figure 9(d)).
Conversely, at a high mortality rate of d = 0.08, System (1)
transitions to a predator-free equilibrium (refer to Figure 9(e)).
The steady-state responses of the populations for varying d are
shown in Figures 12(a) and (b). A Hopf bifurcation (H) at d =
0.025 (first Lyapunov coefficient —0.10) leads to a stable limit
cycle, whereas the branch point (BP) at d = 0.06 indicates a TCB.

8.7 | Effect of b

The system exhibits oscillatory dynamics aboutE* as the pa-
rameter b shifts from 1.6 to 1.4 (see Figure 9(f)). To examine the
steady-state response of each population, bifurcation diagrams
are constructed over a range of b values (Figures 12(c) and (d)). A
Hopf bifurcation is detected at b = 1.38, where the first Lyapunov
coefficient is evaluated as —0.09. These results clarify the dy-
namical transitions and stabilization patterns of the populations
as b varies, with all other parameters held fixed.

12 of 33

Journal of Applied Mathematics, 2026

85U8017 SUOWILLIOD BAITER.D 3[edldde ayy Aq pausenob ae Ssppiie YO ‘8sn JO s3I0} ArIqiT 8UIjUO AB|IAN UO (SUONIPUOD-PUR-SLLIBIALICD" A 1M ARIq 1 BUIUO//SANY) SUORIPUOD pUe SWid | 8L 88S *[9202/20/8T] U0 Ariqi8ulluO A8|IM * WeyBumoN JO A1sieAln -enbeH [nue N Aq 98T8ES/ /e /SSTT 0T/I0p/Wo A8 | 1m AteIq pul|uoy/Sdny woiy papeojumod ‘T ‘9202 ‘S8TY



0.4 T T T T T

0.35 + 1

Predator (y)

0.2 + 1

0.15 1 1 1 1 1

Prey (x)

0.4 T T T T T T T

Predator (y)

0.15 1 1 1 1 1 1 1

Prey (x)
(©)

0.5 T T T T T

045 1

Predator (y)
(=}
w
w

03+ 1

0.25 + 2

0.2 : L .

0.45

0.4

Predator (y)
I
w
w

o
w

0.25

0.5 1 1.5 2 2.5 3 3.5 4 45 5 5.5
Prey (x)

(@

FIGURE 5 | (a)The global stability of the coexistence equilibrium around E* for the reference parameters given in (30). (b-d) The system exhibits

stable limit cycles for r = 8, r; = 0.16, and K = 12, respectively.

8.8 | Bistability and the Hopf-Bifurcation Region

The bifurcation diagrams in Figures 13(a), 13(b), 13(c) and 13(d)
and Figures 14(a), 14(b), 14(c), provide a detailed representation
of the dynamic behavior of System (1) in relation to the pa-
rameters m, K, r, ry, e, b, and d. Figures 2(a), 2(b), 2(c), 2(d)
illustrate two-parameter bifurcation diagrams for the combina-
tions m — K, m—r;, m—b, and r; — K. In System (1), a BTB
arises when the critical parameter configuration causes both
eigenvalues to vanish simultaneously. Such a bifurcation reflects
a qualitative transition in the system dynamics, potentially giving
rise to new attractors or equilibrium configurations. The gen-
eralized Hopf (GH) bifurcation, characterized by the vanishing of

the first Lyapunov coefficient, constitutes an important local
bifurcation in a two-parameter family of autonomous ordinary
differential equations. At this point, the equilibrium becomes
critical, and a pair of purely imaginary eigenvalues emerges,
indicating a fundamental alteration in the phase portrait, often
resulting in the formation of limit cycles or other complex dy-
namical behaviors.

Finally, different dynamic regimes are depicted with varying
colors in the bifurcation diagrams for parameter combinations
m—K, m—r, m—e, r—K, K—e, and m —h, as shown in
Figures 15(a), 15(b), 15(c), 15(d), 15(e), and 15(f). Table 4
presents a concise overview of the results, detailing the
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FIGURE 6 | (a-b) The trajectory illustrates the prey and predator dynamics under variations in r, revealing stable limit cycles emerging from the

Hopf (H) bifurcation.

qualitative properties of the equilibrium states in the proposed
predator—prey model.

8.9 | Environmental Fluctuations

Next, we examine the system’s dynamic behavior when
subjected to environmental disturbances. We utilize the
Euler-Maruyama (EM) method, implemented through
MATLAB software, to perform numerical simulations of the
stochastic differential equation (22). By applying an appro-
priate Lyapunov function (36), we determined the conditions
necessary for the asymptotic stability of E* in a mean-square
sense for Equation (22). These conditions are influenced by o7,
03, and the model system parameters. With o; = 0.0003 and
0, = 0.0003 representing the intensities of environmental

disturbances and parameters aligned with those used in
a deterministic system, each species coexists and remains
stochastically stable (see Figures 16(a) and 16(b)). Sub-
sequently, when the environmental fluctuation values are
increased to o7 = 0.002 and o, = 0.002, the coexistence equi-
librium becomes unstable (see Figures 16(c) and 16(d)).
Figure 17(a) and 17(b) show the stationary distributions of
prey x(t) and predator y(t) for the stochastic system (47), with
varying values of ¢;(i = 1, 2). The probability-density functions
of x(t) and y(t) are depicted by red smoothed curves.
Figures 17(a) and 17(b) reveal noticeable differences in the
stationary distributions with different magnitudes of
o;(i = 1, 2), remarkably resembling a normal distribution when
o; = 0.0003(i = 1, 2).
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i i i
I I I
| | |
| | |
20 A - Lo 1o
! ! ! 0.6
| | |
| | |
15F-—- - ——__ B S —— I LR
I I I
I I I
% ! ! ! > 0.4
10 S R R Lo I
i i i
| | |
| | |
' \ \ 0.2
5 ___________ r—---- |
I I
| |
H o i
0 1 1 0
0 0.05 0.1 0.15 0.2 0.25 0.3
n
() ()
FIGURE 7 | (a-b) The trajectory illustrates the prey and predator dynamics under variations in ry, revealing stable limit cycles emerging from the

Hopf (H) bifurcation.
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9 | Rich Dynamics of System (1): Numerical
Lyapunov Exponents Perspective

While continuous-time predator-prey models are suitable for
analytical studies, many ecological processes—such as seasonal
reproduction, generational turnover, population censuses, and
harvesting—occur at discrete time intervals. Discretizing the
continuous model therefore provides a more realistic framework
for describing population dynamics across successive genera-
tions or seasons. From a dynamical perspective, discrete-time
systems can exhibit complex behaviors, including multistability,
period-doubling bifurcations, and chaos, even when the corre-
sponding continuous system remains stable. These dynamics are
ecologically meaningful, as they may represent irregular pop-
ulation fluctuations, outbreaks, or sudden collapses observed in
nature. Mathematically, the discrete system is obtained via an
appropriate time discretization of the continuous model, pre-
serving positivity and biological feasibility of solutions. This
formulation enables a detailed numerical investigation of bi-
furcation structures and Lyapunov exponents, thereby com-
plementing the continuous analysis and offering deeper insight
into the long-term ecological consequences of fear-induced
nonlinearities.

Here, we analyze the behavior of the Lyapunov exponent
thorough numerical exploration withintwo-dimensional pa-
rameter space. The outcomes unveil the presence of countless
self-repeating shrimp-shaped and Arnold-tongue patterns that
correspond to periodic attractors.

Calculating Lyapunov characteristic exponents is essential for
understanding system dynamics. These exponents quantify the
rate at which nearby trajectories either diverge or converge. The
presence of periodic attractors can be determined by analyzing
the stability of limit sets and the sensitivity to initial conditions.
Furthermore, the Lyapunov exponents’ perspective offers
a foundational approach to studying and understanding dy-
namical systems’ intrinsic unpredictability and complexity. By
quantifying the divergence of trajectories, they provide crucial
insights into the nature and degree of chaos, enhancing our
ability to analyze and interpret the behavior of complex systems
across various scientific domains.

Therefore, to judge the long-term behavior of the model, we use
the Lyapunov exponent, which serves as an indicator to analyze
different prey-predator interactions. Here, we have drawn two
bi-parameter Lyapunov exponents to identify the transactions
between various parameters. In these transactions, we have
focused on only three behaviors: periodic, quasiperiodic, and
chaotic dynamics. These dynamics are classified in terms of the
three values of the Lyapunov exponent.

The zero value of the Lyapunov exponent represented by the green
color indicates the quasiperiodic dynamics; the positive values of
Lyapunov exponents are defined by the blue shades, signifying the
chaotic behavior; and the pink shades in the plot mark the periodic
regions corresponding to the negative value of the Lyapunov ex-
ponent. In the quasiperiodic region, the populations oscillate in
a nonrepeating but bounded fashion. The population neither sta-
bilizes into an equilibrium point nor shows divergence into chaos.

At the same time, chaos represents unpredictable behavior, and
a slight change causes the collapse of the population. Meanwhile,

periodicities are regions of the population where the population
exhibits stable or oscillatory behavior.

We want to check System (1) for complex dynamics at the
discretized space of points. We must first discretize Model (1).
We aim to present the chaotic and periodic behavior of the
model at the discretized grid of points. These plots indicate
richer dynamics of Model (1) and provide a roadmap for the
discrete form, mathematically showing the existence of chaos
and other interesting results.

Using Euler’s method, System (1) can be written as

rxXy mxnpyn
Xnk1 = X I[Kyn +1 "Xn ax, + b]
, (57)
emxnyn
Yn+1 =Yn + hl[axn b —dy, — hyi]

where h; is the step size. We choose different parameters to
analyze the predator—-prey model’s dynamic behavior in a two-
dimensional parameter plane. When the system parameters were
varied, periodic and chaotic diagrams were obtained. Here, we
use a numerical iterative approach to solve the difference
equations with different initial conditions to compute the Lya-
punov exponent of the system for different pairs of parameters.
Figure 18 shows the dynamic behavior of the model as the pa-
rameters r and m are varied with the following set of values:
{h=28h =05K=19r =16a=26b=12e=09 d=
0.1(r, m) € [9.7,10.3] x [17.5,19.1]}, with initial conditions
(x0,¥0) = (0.8, 0.9). The color bar indicates different values of the
Lyapunov exponent. From the color bar, the positive Lyapunov
exponent represents chaos. The negative Lyapunov exponent
represents the periodic solutions. In Figure 18, we observe
interesting periodic structures of well-known Arnold tongues.
The structure of the tongues is similar in that the roots of the
tongues are in the chaotic region, while the tips of the tongues
are in the quasiperiodic regions. To illustrate hidden Arnold
tongues above the larger tongues, we present the zoomed-in
view of Figure 18 in Figure 20. Here, we observe two different
patterns of periodicity in the form of Arnold tongues. In Figure
20(a), Arnold tongues are in an irregular pattern, while in
Figure 20(b), Arnold tongues are in a sequence with a pointed
side in the downward direction.

Similarly, to observe the complex dynamics between the pa-
rameters a and K, we have drawn the Lyapunov exponent be-
tween these two parameters in Figure 19. For Figure 20, we
choose (0.8,0.9) as an initial condition. The remaining param-
eters are fixed asm =23, h =0.2,h; =0.9,r; =0.6, b=1.9,e =
09,d=25r=19,a€ [1927],K€[1,18]. We follow the
same color code for Figure 19 to represent the chaotic dynamic
between parameters a and b. In this plot, we observe two types of
periodic patterns: Arnold tongues and shrimps. The Arnold
tongues can be seen from the top right side of the plot, while the
shrimps can be seen from the bottom left side of the plot. To
better view these two existing periodic structures, we present the
zoomed-in view of Figure 19 in Figure 21. Figure 21(a) represents
the series of Arnold tongues in the deep sea of the chaos, while
Figure 21(b) represents the shrimps in the deep chaotic region.
Figure 22 represents a clear view of a large shrimp with a col-
lection of small shrimps near it.
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(a-b) The trajectory illustrates the prey and predator dynamics under variations in m, revealing stable limit cycles emerging from the

Hopf (H) bifurcation.

FIGURE 10

0.6

0.2 |-
0.1 -

0.5}
04}

20

15 S N R

0.02 0.0 0.04 0.05

0.01

0.03 0.04 0.05

0.02

(®)

(@

(a-b) The trajectory illustrates the prey and predator dynamics under variations in e, revealing stable limit cycles emerging from the

Hopf (H) bifurcation.

FIGURE 11

|
|
|
I
=+
|
I
|
|
I S ——

e —
S, VN S —

H__

- - -]

_____}E_____

S
I
|
I

0.4

0.1

A m—m e —— - ——

L A Y I R

) S—

=10

0.1

(®)

(a)

(Continued)

FIGURE 12

4185, 2026, 1, Downloaded from https://onlinelibrary.wiley.com/doi/10.1155/jama/7538186 by Mainul Hague - University Of Nottingham , Wiley Online Library on [18/07/2026]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

Journal of Applied Mathematics, 2026

18 of 33



4185, 2026, 1, Downloaded from https://onlinelibrary.wiley.com/doi/10.1155/jama/7538186 by Mainul Hague - University Of Nottingham , Wiley Online Library on [18/07/2026]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

b

JE

S

|
R N —

I
- S ————

1
e

0.6

05f-------F---—-—

04t

01 f-—-mmmm

N [ |

IR S,

1.5

0.5

(@

©

| (a-d) Trajectories of prey and predator under variations in d and b, respectively, showing stable limit cycles arising from the Hopf (H)

FIGURE 12

bifurcation.

I

I

1

=
I I
I I
I I

T
I

I

I

-

1

1

I

-

I

I

1
F———
I

I

I

055 F-A-F-——#-——4--—+

0.25

15 20 25
K

10

——
-1
- H
! 0
e -ty e Sty S i Bl ?‘w
1
I
! ©
+||||+||||+||||L||||L||||J ||||| o s
1
1
el bl 44 _a____] <
| )
I I
| |
I I N
) ~ o™
S ] Q
(=] (=) (=}
T T <
l i
[P
b ! =S}
A----r---1 &
1 1 @
I I
l l
©
d——m—k == =
I I o §
1 1
1 1
IR SRR I
1 1 1 1 el
I I I I I I I
| | | | | | |
| | | | | | | N
T T T S N
— — — — (=) (=} (=} (=}

(®)

(@)

(Continued)

FIGURE 13

19 of 33

Journal of Applied Mathematics, 2026



0.15 0.2 025 03

0.15 0.2 025 0.3

0.1

r

5t

@

(©)

K, r, and r, respectively: prey (left), predators (right).

(a-d) Bifurcation diagram in terms of m,

FIGURE 13

I
I
I
I
+
1
I
I
L
I
1
1
I
r-—----4
I
I
1
——— e ———— ]

1
J

1-
1

1

I

r
U

0.16 |-+---
0.14

0.12

\

02 f---

0.18

1.5

0.04 0.05

0.02 0.03

0.02 0.03 0.04 0.05

(b)

)

(

(Continued)

FIGURE 14

4185, 2026, 1, Downloaded from https://onlinelibrary.wiley.com/doi/10.1155/jama/7538186 by Mainul Hague - University Of Nottingham , Wiley Online Library on [18/07/2026]. See the Terms and Conditions (https://onlinelibrary.wiley.com/terms-and-conditions) on Wiley Online Library for rules of use; OA articles are governed by the applicable Creative Commons License

Journal of Applied Mathematics, 2026

20 of 33



25

20

15

10

FIGURE 14 | (a-c) Bifurcation diagram in terms of e, b, and d, respectively:

prey (left), predators (right).

Bistable 8 Bistable
7
6
5
Stable at E* ~ 4 Stable at E”
3
2
1
05 1 15 2 25 3 35 4 Unstable 05 1 15 2 25 3 35 4 Unstable
m m
(a) (b)
FIGURE 15 | (Continued)
Journal of Applied Mathematics, 2026 21 of 33

85U8017 SUOWILLIOD BAITER.D 3[edldde ayy Aq pausenob ae Ssppiie YO ‘8sn JO s3I0} ArIqiT 8UIjUO AB|IAN UO (SUONIPUOD-PUR-SLLIBIALICD" A 1M ARIq 1 BUIUO//SANY) SUORIPUOD pUe SWid | 8L 88S *[9202/20/8T] U0 Ariqi8ulluO A8|IM * WeyBumoN JO A1sieAln -enbeH [nue N Aq 98T8ES/ /e /SSTT 0T/I0p/Wo A8 | 1m AteIq pul|uoy/Sdny woiy papeojumod ‘T ‘9202 ‘S8TY



0.05 Stable at E*
0.045
0.04
0.035
0.03

0.025

0.02

0.015

0.01

0.005 Unstable

Bistable

0.05
0.045 +
0.04 +
0.035
0.03

1 Stable at E*
0.025

0.02

0.015

0.01

0.005 Unstable

5 10 15 20 25
K

O

Bistable

1 Stable at E*

Unstable
r
()
T T T T T T T Bistable
0.14
0.12 |
0.1F
0.08 ] .
= 1 Stable at E
0.06 F
0.04 ¢
0.02 ¢
e Unstable

05 1 15 2 25 3 35 4 45

®

FIGURE 15 | (a-f) Dynamical regimes of System (1) depicted in the two-parameter planes (m, K), (m, r), (m, e), (r, K), (K, e), and (m, h).

with (xo, yo) = (0.1, 0.1).Particularly, the system becomes unstable
near r = 0.31907032. For parameter values,

K=18r =035m=319,a=29>b=181,e=0.9,

(59)
d=0.1,h =001, r = 0.31907032,

the  Jacobian  matrix at the  equilibrium  point
(0.0712426377677212, 0.1426779168610621) is given as follows:

0.00142667  —0.1386
. (60)
0.182317 —0.00142678
The characteristic function of (32) is
C(u) = 42 + 0.025267037665026477. (61)

Since we are using an approximate value of r (ie,
r = 0.31907032) therefore, the coefficient of 4 ~ 0. One can also
find a better approximation or exact value of r to get the

coefficient of u exactly equal to zero. The eigenvalues are
{£0.158956i} with the real part approximately zero. Hence, the
mathematical existence of the Hopf bifurcation is satisfied. The
phase plots given in Figure 23 confirm that the direction of the
bifurcation is forward, while the corresponding time-series plots
in Figure 24 also ratify the findings.

10 | Discussion

In recent years, increasing attention has been directed toward the
influence of fear on predator-prey dynamics, establishing fear
ecology as an important area of research. This area of research is
now gaining paramount importance as it delves into the intricate
dynamics of ecosystems and their complex behaviors. This paper
delved into the complicated dynamics of a predator-prey model
with a Holling type II functional response, where the fear of
predation risk significantly affects the birth rate of the prey.
Moreover, the model comprehensively accounts for intraspecific
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(a-b) The graphical results confirm the stochastic stability of the system for noise intensities o; = 0.0003 and o, = 0.0003. (c-d) The

numerical illustrations indicate that the system exhibits stochastic instability when ¢; = 0.002 and o, = 0.002.

competition within the predator population, a natural phe-
nomenon driven by the limitations of available resources in the
ecosystem. An analysis of these interacting components provides
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deeper understanding of the intricate dynamics of ecological
systems and clarifies the significant influence of fear on pred-
ator—prey interactions.
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Histogram of the probability density function for x(f) and y(¢) for the stochastic system (22) with two different values of 5; (i =1,2); (a)

(61 = 0.0003, 5, = 0.0003); (b) (61 = 0.002, 6, = 0.002); the probability density functions of x(t) and y(t) are represented by the red smoothed curves.
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Our research yields noteworthy coexistence outcomes within the
system. The proposed system is biologically well-posed, since all
solutions initiated in the positive quadrant remain non-negative
and uniformly bounded for all future time. The instability of the
trivial equilibrium excludes total extinction, independent of
parameter selection. The local dynamics around the feasible
equilibria are rigorously analyzed, and sufficient criteria for both
local and global stability of the interior equilibrium are estab-
lished, thereby clarifying the system’s persistence and robust-
ness. In addition, the model undergoes significant qualitative
transitions, including TCB and Hopf bifurcation, which enrich

the dynamical behavior and reveal complex evolutionary pat-
terns. These findings contribute significantly to our un-
derstanding of the model's behavior and its potential
implications for ecological systems.

The detected bifurcations are ecologically meaningful. In par-
ticular, the TCB alters the predator-extinction equilibrium Ej,
converting it from an unstable state to a stable configuration.
Additionally, we identify six specific parameters responsible for
inducing the Hopf bifurcation. Through rigorous analysis, we
have thoroughly examined the stability of the resulting limit
cycle and verified our findings by employing numerical simu-
lations and computing the first Lyapunov number. These find-
ings enhance the understanding of the system’s dynamics and
provide meaningful implications for ecological processes.

One of the key novelties of the current study lies in incorporating
intraspecific competition among prey and predator populations,
reducing their growth rate. The predator’s consumption rate, the
predator’s efficiency rate to consume prey into a new predator,
and the intrinsic growth rate of prey play pivotal roles in reg-
ulating oscillations within the system and facilitating the
emergence of a stable coexistence equilibrium point. Conse-
quently, our findings suggest an opposite influence of both the
fear factor and consumption rate within the predator population
on the system’s stability, mainly when the predation process
adheres to the Holling type II response function. The system’s
stability is also influenced similarly by factors such as in-
traspecies competition for prey and the natural mortality rate of
predators.

Furthermore, conducting a comparative analysis between the
systems represented by Equations (1) and (46), the permanence
outcomes of these systems are summarized in Table 1. On the
other hand, Table 2 proves that when Condition (21) is violated,
Systems (1) and (46) still have the “paradox of enrichment.”
Table 3 also shows that the qualitative behaviors of Systems (1)
and (46) attain TCB, LAS, and GAS around their axial and co-
existence equilibrium point. Note that “level of fear” has no
influence on the trivial (Ey) and boundary equilibrium (E;) of
System (1). However, the fear effect is crucial to the system’s local
and global stability at E*. Further, our observation indicates that
there is a possibility of two coexistence equilibria in System (1),
while only one coexistence equilibrium can exist in System (46).
In other words, modification of System (46) by introducing an
extra term, “level of fear,” enables richer dynamics.

Based on our mathematical analysis, we determine that when
fear levels of predator or intraspecies competition of prey are
high, they can stabilize the predator-prey system by preventing
the existence of periodic solutions. Conversely, when fear levels
or intraspecies competition of prey are relatively low, they can
trigger the emergence of limit cycles through Hopf bifurcation.
However, low degrees of fear can prompt multiple limit cycles
through subcritical Hopf bifurcations, prompting a bistability
peculiarity. This result is contrasted with exemplary preda-
tor—prey models, which overlook the cost of fear where Hopf
bifurcations are normally supercritical. Hopf bifurcations in our
model can be supercritical and subcritical by choosing various
parameters. We used numerical simulations to investigate the
connections between fear and other biologically related pa-
rameters, including birth rate, death rate, and interspecies

Journal of Applied Mathematics, 2026

25 of 33

85U8017 SUOWILLIOD BAITER.D 3[edldde ayy Aq pausenob ae Ssppiie YO ‘8sn JO s3I0} ArIqiT 8UIjUO AB|IAN UO (SUONIPUOD-PUR-SLLIBIALICD" A 1M ARIq 1 BUIUO//SANY) SUORIPUOD pUe SWid | 8L 88S *[9202/20/8T] U0 Ariqi8ulluO A8|IM * WeyBumoN JO A1sieAln -enbeH [nue N Aq 98T8ES/ /e /SSTT 0T/I0p/Wo A8 | 1m AteIq pul|uoy/Sdny woiy papeojumod ‘T ‘9202 ‘S8TY



19.08
19.06
19.04
19.02
19
18.98
18.96
18.94
18.92
18.9

18.88

9.93 9.94 9.95 9.96 9.97 9.98 9.99 10 10.0110.02
r

(a)

FIGURE 20 | Local amplification of the plot in Figure 18.

competition, which further exhibits the effect of fear on preda-
tor—prey interactions. For instance, we discover that when a Hopf
bifurcation occurs, a rise in fear can cause the direction of the
bifurcation to change from supercritical to subcritical when the
birth rate of prey rises correspondingly. Numerical results further
indicate that increasing the prey growth rate or the predator
death rate reduces the prey population’s sensitivity to predation
risk. Still, prey will develop more robust predator defenses as
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predator attack rates rise. In addition, a higher intrinsic growth
rate of prey, predator consumption rate, and efficiency in con-
verting consumed prey into new predators can result in limit
cycles through Hopf bifurcation. The two-parameter bifurcation
analysis further reveals the presence of both generalized Hopf
and BTBs in the system. The validity of these findings is con-
firmed through appropriate numerical simulations. Conse-
quently, our findings suggest an opposite influence of both the
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a

(®)

FIGURE 21 | Local amplification of the plot in Figure 19 representing the Arnold tongues and shrimps.
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FIGURE 22 | The zoomed view of Figure 19 represents a clear view of shrimp with the collection of small shrimps aside from it.
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fear factor and consumption rate within the predator population
on the system’s stability, particularly when the predation process
adheres to the Holling type II response function.

Environmental noise is a critical factor influencing ecological
systems, particularly through its impact on predator-prey dy-
namics. It introduces randomness and unpredictability, which
can significantly alter the behavior and stability of these systems.
This noise stems from unpredictable changes in environmental
factors such as resource availability and habitat quality. These
factors directly affect the growth rates of both predator and prey
populations, leading to fluctuating population sizes [42].

In ecological modeling, environmental noise is often contrasted
with deterministic models, which assume a predictable set of
conditions and outcomes. While deterministic models provide
a simplified view of ecological interactions, they fail to capture
the inherent variability and uncertainty present in natural sys-
tems. Stochastic simulations, on the other hand, incorporate
randomness and are thus more adept at representing the com-
plexity of ecological dynamics [43]. One of the significant impacts
of environmental noise is its influence on population stability.
Low-intensity noise can promote stochastic asymptotic stability,
where populations tend to fluctuate around a stable state over
time. This stability is crucial for maintaining ecological balance,
as it ensures that neither predators nor prey are driven to ex-
tinction due to random environmental variations [44]. Con-
versely, high-intensity noise can lead to significant oscillations
and increased unpredictability in population dynamics. Such
conditions may drive populations away from equilibrium, po-
tentially leading to extinction events or drastic shifts in com-
munity structure. For example, suppose a prey population
experiences a sudden drop due to a resource shortage. In that
case, predator populations may also decline due to a lack of food,
demonstrating how interconnected and sensitive these dynamics
can be [45]. To ensure the sustainability of ecological systems
amidst environmental noise, it is essential to maintain specific
constraints on random variations and model parameters. These
constraints help mitigate the potentially destabilizing effects of
high-intensity noise and support the resilience of ecological
systems. By carefully managing environmental variability, con-
servation efforts can enhance the stability and sustainability of
ecosystems [20]. Moreover, understanding the role of

environmental noise in ecological systems is vital for predicting
future changes under climate-change scenarios. As climate
change is expected to increase the frequency and intensity of
environmental variability, anticipating its effects on ecological
dynamics becomes increasingly essential. Incorporating sto-
chastic elements into ecological models can provide valuable
insights into how these systems might respond to future envi-
ronmental challenges [46]. In conclusion, environmental noise is
a fundamental component of ecological systems, affecting
predator-prey dynamics and population stability. Low-intensity
environmental noise may enhance the stability of the system,
whereas higher noise levels can generate substantial oscillations
and increase dynamical unpredictability. Understanding and
managing environmental noise through stochastic modeling is
crucial for ensuring the resilience and sustainability of ecosys-
tems in the face of ongoing environmental changes.

In addition, the study includes numerical findings on a dissipa-
tive standard map. When considering dissipation, the phase
space structure is altered, with the elliptic fixed points being
replaced by attracting fixed points. Analyzing the Lyapunov
exponent shows that the parameter space (a, K) is highly diverse
and contains numerous self-similar shrimp-shaped and Arnold
structures. These structures correspond to periodic attractors and
are found within a large region associated with chaotic attractors.

Lyapunov exponents are critical tools in the field of dynamical
systems and chaos theory, providing insights into the behavior of
complex systems. They measure the rate at which nearby trajec-
tories in a dynamical system diverge or converge, thus indicating the
presence and extent of chaos. A positive Lyapunov exponent typ-
ically suggests chaos, where small differences in initial conditions
can lead to vastly different outcomes, a hallmark of chaotic systems.
The current article also emphasizes the importance of calculating
Lyapunov characteristic exponents to understand discrete-time
predator-prey system dynamics. These exponents measure the
rate at which nearby trajectories diverge or converge and can de-
termine the presence of chaotic attractors. In a detailed numerical
investigation within a two-dimensional parameter space, the be-
havior of the Lyapunov exponent reveals numerous self-repeating
shrimp-shaped and Arnold patterns corresponding to periodic
attractors. These configurations arise within a broader parameter
domain characterized by chaotic behavior.
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Moreover, concerning predator-prey interactions, factors such as
spatial effects, delays, and environmental noise play a crucial role
due to the foraging behaviors of both prey and predators. Al-
though these potential extensions are biologically significant and
intriguing, their complexities are challenging, leaving them as
fascinating subjects for future study.
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Appendix A
Appendix Al: Proof of Proposition 1

The non-negativity of x(¢) and y(¢) follows from their exponential solution
representations given by

_ T mB)
= x"eXpU 0 [Ky(s‘) a0 o b]‘ﬁ}’
(A1)
T emx(S
= .VOeXP{JO [m —-d- hy('s)]d?},

with xo,y0 > 0. Accordingly, x(t) and y(¢) stay positive for every ¢t > 0,
which ensures that the interior of Ri remains invariant under the dy-
namics of System (1).

Appendix A2: Proof of Proposition 2

Let us consider the function

W) = x+ éy. (A2)

The time derivative along a solution of (1) is

d/V[7(t) r dy hy?
- _ _y_ A3
dt x(Ky +1 rlx) e e (a.3)

For any y > 0, the following estimate is satisfied:

o~

daw y—d
TSy =+
(A.4)
+7? y—-d
Loty N

4r, e

We choose y such that y < min{r, d}. Under this condition, inequality
(A.4) reduces to
%/ +yW <. (A.5)

Applying the comparison theorem [47] yields

>

0 < Wx(t), ¥(1) < ot W(x(0), y(0))/e". (A6)
Ast—> 00,0< /V[7(t) < A7I/y, which implies that System (1) is bounded.
Appendix A3: Proof of Proposition 3

We follow the approach of [37, 48] to demonstrate persistence by
selecting a candidate Lyapunov function as V;(x,y) = x*1y%2, where {;
and 22 are real constants. This choice yields the corresponding average
Lyapunov derivative as follows:
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] AL 4 (A7)
NKy+1 ax+b
~ [ emx
+c2( +b—d—hy).

It remains to verify that the function is positive at each boundary

Condition (8) ensures that this criterion is satisfied. Consequently, the
positivity of I'(x,y) at each boundary equilibrium establishes the per-
sistence of System (1). Moreover, due to its uniform persistence, there
exist positive constants p; and f; such that ¥Vt > t;, and the conditions
x(t) > p, and y(t) > p, are satisfied.

Appendix A4: Proof of Proposition 4

The Lyapunov function defined in (4.3) works for System (1). Let us
rename it as

equilibrium. At Ey, we compute I'(0,0)=C,r—C,d. By taking ~ x b+ax* Ly
P N . -~ V(x,y) =x—x"—x*In— + y=y —=yn=| (A.9)
{1 =&, = ¢, this expression reduces to I'(0,0) = {(r — d). Under Con- X be y
dition (7), we have E(r —d) > 0, which guarantees positivity at the trivial R
equilibrium Ej. The first-order derivative of V is
At the predator-free equilibrium E,, the function I" attains the form
r ~( emr
I'N—o)= —-d 0. A8
(;'1 ) g(ar+brl ) > (A-8)
v ava
dt ~ dx dt ' dydt
_f, X B 2_mxy] btax"(  y\[emxy 2]
_(1 x)[m T+ b * be ! y/lax+b dy = hy
e (- my”
=(x—x )[r X +b (r X o b)]
b+ ax* my emy”*
(v —v* —d—hy— —d-hy* A.10
+ )| (o =a=n)] (a10)
_ « . mb(y —y*)
= (e )[ 0= = ot byax + B)
am{x*(y—y*) —y*(x=x")}]  b+ax* . ebm(x — x*) .
— + (v —v* . — h —
(ax+ b)(ax’ +b) O\ @b+ OV

<—|r

ax* +b be

Therefore, we obtain (d17)/(dt) < 0ifr, > (amy*)/(ax* + b). Moreover,
@y =0 only if x=x*,andy =y*. As per LaSalle’s invariance
principle, E*(x*, y*) is globally asymptotically stable.

Appendix A5: Proof of Proposition 5

Setting the trace of the Jacobian matrix equal to zero yields

s e 2
m = [hy +r1]M:mH. (A.11)

x* ke

The condition [det(J*)],,—» > O is equivalent to stating that the char-
acteristic equation A% + [det(J*)],,—,» =0 has roots that are purely
imaginary.

For m = m!, the characteristic equation of the system reduces to

+o=0 & =][detl*)] e > O. (A.12)

Hence, Equation (A.12) possesses two roots: y; = +iV@ and y, = —i\/é.
For values of m near mH, the eigenvalues of J* take the form

X2 = El(m) + iiﬁz(m), where

hemy = ™
(A.13)
To(m) = 1/ det(™) — @.

[ - amy* ](x—x*)2 _ h(b + ax®)

-y

The transversality condition needs to be confirmed, which states that

(A14)

m=mH

%(Re(;(j(m))) #0, j=12

By substituting y; = El(m) + iﬁz(m) into Equation (A.12) and taking the
derivative with respect to m, we derive

221 (m)2, (m) — 22(m)iy(m) + & =0,

N " R N (A.15)
24,(m)A,(m) + 24 (m)A,(m) = 0.
Solving (A.15), we get
d -2
—(Re(yj(m)) = =—5—5#0; A16
amRely(m)) A7) (A.16)
ie.,
)] £ 0 (A.17)
dm m=m ’

which guarantees that the transversality requirement holds. The bi-
furcation results further indicate that elevated per capita predation rates
may induce oscillatory dynamics, potentially leading both populations to
exhibit sustained fluctuations.

Appendix A6: Proof of Proposition 7
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At m = m"C, the Jacobian matrix J; corresponding to System (1) at E; Lo(u(t)) < —Am|u(®)*. (A.27)
admits a simple zero eigenvalue. Let U; and V; denote the right and left
eigenvectors associated with the zero eigenvalue of J; and its transpose Hence, the proof is established.
()T, respectively. A straightforward computation yields
5
U = (—%1)T
i (A.18)
vy =(01)".
‘We have then
_ Xy exy \T
Fnley) = ( ax+b ax+b) ’
Fu(E;m=m™)=(00), (A19)
(V) Fu(Ei; m=m™) = 0.
Also, DF,,(Ey; m = m™)U; = (=(x/(ax; + b))(exy )/ (ax; + b))T.  We,
therefore, obtain
exy
VO [DFu(Ey; m = m™)(Uy)] = 0.
(V1) [DFp(Ey; m = m™)(Uy)] ax1+b# (A.20)
Further,
(V)"D*F(Ey; m = m™€)(Uy, Uy) = __ 2bely #0, (A.21)
’ ’ JB (ax; + b)?
Application of Sotomayor’s theorem [37, 49, 50] confirms that a TCB is
generated at E; as m passes through the critical value m’.
Appendix A7: Proof of Proposition 6
Let us denote the Lyapunov function as
1
o)) = E[uf + w113, (A22)
where real positive constants @, will be determined subsequently. It is
easy to confirm that inequalities (52) hold true when y = 2. Moreover,
Lo(u(t)) = (_allul - alzuz)m - 812112)141 + (621111 - azzuz)ahuz
1 [ e
+ —t t)—s:. 1)l
oo e
(A.23)
Now, we assess that
£y 10
— = [ , (A.24)
ou 0
2.2
and g7(u())((3*0)/(du?))g(u(®)) = [ ‘710“1 Ozuz } This allows the trace
term to be evaluated as follows: @105t
T 52@ 2,2 2., 2
tr|g (u(t))ﬁg(u(t)) =071 + w107 Ux”. (A.25)
Hence, from (A.25), we obtain Le(u(t)) = —(a1 — 6¥/2)ul —
(alz — 321w1)u1u2 - (azz - 0'5/2)(1)1142 By Selecting w1 = 612/21\21, we de-
rive the following form of Le(u(t)):
~ o2 ~ o2
Lo(u(®) = —(au - ;)uz - (azz - ;)wlu; - uTou (A26)
Defining Q = diag[(d1; — 6%/2), (@2 — 63/2)w1 ], we note that Q is a real
symmetric positive definite matrix. Consequently, its eigenvalues 4; and
4, are positive real values iff the following condition: ¢? < 2@;; with
a3 > 0and 03 < 2dy, holds. Let A, = min{4;, 4,}, where 4; and 1, are
the positive eigenvalues of the associated diagonal matrix. Then, the
preceding estimate for Lg(u(t)) implies
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