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ARTICLE INFO ABSTRACT

Keywords: In existing models of pathogen evolution under voluntary vaccination, vaccination behaviour is
Pathogen evolution typically assumed to be static, overlooking the conflicts between individual and collective inter-
Vaccination

ests. To address this, we develop a multi-scale model within a game-theoretic framework that cou-
ples the dynamic processes of disease transmission, vaccination decision-making, and pathogen
evolution. By reformulating vaccine uptake as a time-dependent strategic choice and incorpo-
rating a heterogeneous update mechanism, we establish the evolutionary model of vaccination
strategies. Numerical results show that heterogeneous updating rules will capture autonomous
population decision-making. The co-evolutionary dynamics are highly sensitive to the evolution-
ary adaptation rates and exhibit an asymmetric relationship between population and evolutionary
dynamics. At the early stage of a vaccination scenario, we observe that imitation behaviour domi-
nates due to limited information. Enhancing vaccine uptake is effective in limiting the emergence
of detrimental variants, and the long-term evolutionary outcome may favour the emergence of
specialist variants. This framework provides quantitative methods and key methodological ad-
vancements for multi-scale mathematical modelling in the context of pathogen evolution.

Game-theoretic framework
Adaptation rates

1. Introduction

Infectious diseases have long posed a threat to public health, raising concerns among both the public and health authorities.
Vaccination has significantly benefited public health and is regarded as one of the most effective strategies for controlling infectious
diseases, despite the imperfect immunity provided by most vaccines and the implementation of voluntary vaccination policies [1,2].
Evidence suggests that, under a voluntary vaccination policy, the perception of benefiting from others’ contributions may erode
herd immunity, thus worsening the situation [3,4]. This reflects the behavioural paradox between group interest and self-interest.
Therefore, it is crucial to couple the epidemiological process with the vaccination decision-making process to consider this vaccination
dilemma.

Many pathogens exhibit extensive genetic variation and can therefore readily adapt to external environments [5]. The ongoing
evolution significantly influences the transmission dynamics by shaping heterogeneities in virulence, transmissibility, etc. [6-8].
Pathogen adaptation occurs when a novel variant demonstrates greater fitness in the current environment compared to its predeces-
sor [9]. Host immunity induced by vaccination leads to a profound alteration of the current environment for pathogens [9,10]. The
large epidemiological perturbations induced by vaccination also substantially alter the natural selective pressures acting on pathogen
populations [5,10]. Given the scale of the global vaccination campaign against COVID-19 and the rapid emergence of new variants,
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$\alpha $


$\bar {V}$


$R_0$


$R_g^n(v_0^n)$


$R_c(v^*)$


$R_g^n\neq R_c$


$R_g^n(v_0^n)>1$


$R_c(v_0^n)>1$


$R_0=R_g^n=R_c$


$p^*$


$p^*$


$\text {VTE}=1-\theta $


$\text {VTE}$


$p^*$


$v^*$


$v^*$


$\theta $


$v^*$


$\text {VTE}$


$R_0$


$R_0>1$


$p(t)$


$\mu $


$p(t)$


$S_v(t)\approx p(t)S(t)$


$S_n(t)\approx (1-p(t))S(t)$


$S_v(t)$


$p(t)S(t)$


$S_n(t)$


$(1-p(t))S(t)$


$p(t)$


$S_n$


$S_v$


$\mu =0.000001$


$S_n$


$S_v$


$E_0=(1,0,0,\bar {p}_0)$


$\bar {p}_0$


$\tilde {A}_1\bar {p}_0^2+\tilde {A}_2\bar {p}_0+\tilde {A}_3=0$


\begin {equation*}\tilde {A}_1=-\epsilon \xi \frac {1-e^{hk}}{1+e^{hk}}>0,~ \tilde {A}_2=\epsilon \xi \frac {1-e^{hk}}{1+e^{hk}}-\frac {\epsilon (1-\xi )}{1+e^{h\omega _n}}-\frac {\epsilon (1-\xi )}{1+e^{h(\omega _v-k)}}<0,~\tilde {A}_3=\frac {\epsilon (1-\xi )}{1+e^{h\omega _n}}>0.\end {equation*}


$F(p)=\tilde {A}_1p^2+\tilde {A}_2p+\tilde {A}_3$


\begin {equation*}F(0)=\tilde {A}_3>0,~F(1)=-\frac {\epsilon (1-\xi )}{1+e^{h(\omega _v-k)}}<0,~\triangle =(\tilde {A}_2)^2-4\tilde {A}_1\tilde {A}_3>0.\end {equation*}


$\bar {p}_0=(-\tilde {A}_2-\sqrt {\triangle })/(2\tilde {A}_1)\in (0,1)$


$F(\bar {p}_0)=0$


$R_0$


\begin {equation*}R_0=\frac {\beta _{nn}(1-\bar {p}_0)}{\alpha _n+\gamma _n+\mu }+\frac {\beta _{vv}\bar {p}_0}{\alpha _v+\gamma _v+\mu }.\end {equation*}


$E_0$


$E_0$


\begin {equation*}(\lambda +\mu )(\lambda +\sqrt {\triangle })(\lambda ^2+\tilde {B}_1\lambda +\tilde {B}_2)=0,\end {equation*}


\begin {equation*}\begin {aligned} \tilde {B}_1&=-\beta _{vv}\bar {p}_0+\alpha _v+\gamma _v+\mu -\beta _{nn}(1-\bar {p}_0)+\alpha _n+\gamma _n+\mu ,\\ \tilde {B}_2&=(\alpha _n+\gamma _n+\mu )(\alpha _v+\gamma _v+\mu )(1-R_0). \end {aligned}\end {equation*}


$E_0$


$R_0<1$


$R_0>1$


\begin {equation*}\begin {aligned} X&=\{(S,I_n,I_v,p):S\ge 0, I_n\ge 0, I_v\ge 0, p\ge 0 \},\\ X_0&=\{(S,I_n,I_v,p):S\ge 0, I_n>0, I_v>0, p\ge 0\}, \end {aligned}\end {equation*}


\begin {equation*}\partial X_0=X \backslash X_0.\end {equation*}


$X$


$X_0$


$\partial X_0$


$X$


$\partial X_0$


$X_0$


$\mathcal {D}$


\begin {equation*}M_{\partial }=\{(S(t),I_n(t),I_v(t),p(t))\in \partial X_0: S(t),I_n(t),I_v(t),p(t) ~\mbox {satisfy}~ \mbox {system}~(\ref {full})\}.\end {equation*}


$M_{\partial }=\{(S(t),0,0,p(t)):S(t),p(t)>0\}$


$\varphi _0=(S(0),I_n(0),I_v(0),p(0))\in M_{\partial }$


$t_0\ge 0$


$I_n(t)$


$I_v(t)$


$t=t_0$


$I_n(t_0)>0$


$I_v(t_0)=0$


$I_v'(t_0)=\beta _{nv}I_npS>0$


$\exists t_1>0$


$I_n(t)>0$


$I_v(t)>0$


$t\in (t_0,t_0+t_1)$


$(S(t),I_n(t),I_v(t),p(t))\notin \partial X_0$


$\varphi _0\in M_{\partial }$


$I_n(t_0)=0$


$I_v(t_0)>0$


$M_{\partial }=\{(S(t),0,0,p(t)):S(t),p(t)>0\}$


$E_{0}$


$M_{\partial }$


$\varphi _0$


$M_{\partial }$


$U_{\varphi _0\in M_{\partial }}=\{E_{0}\}$


$E_0$


$M_{\partial }$


$\varphi _0$


$\eta \in (0,1)$


$R_0>1$


$u(t,x_0)$


$x_0\in X_0$


$\lim \limits _{t\rightarrow \infty } \sup ||u(t,x_0)-E_{0}||\ge \eta $


$W^S(E_{0})\cap X_0=\emptyset $


$W^S(E_{0})$


$E_{0}$


$\lim \limits _{t\rightarrow \infty } \sup ||u(t,x_0)-E_{0}||< \eta $


$\eta >0$


$t_2>0$


$t\ge t_2$


\begin {equation*}1-\eta \le S(t)\le 1+\eta ,~~ \bar {p}_0-\eta \le p(t)\le \bar {p}_0+\eta .\end {equation*}


$t\ge t_2$


\begin {equation*}\begin {aligned} \frac {dI_n}{dt}&\ge (1-\eta )(1-\bar p_0-\eta )(\beta _{nn}I_n+\beta _{vn}I_v)-(\alpha _n+\gamma _n+\mu )I_n,\\ \frac {dI_v}{dt}&\ge (1-\eta )(\bar p_0-\eta )(\beta _{nv}I_n+\beta _{vv}I_v)-(\alpha _v+\gamma _v+\mu )I_v. \end {aligned}\end {equation*}


$t\ge t_2$


\begin {equation}\label {auxiliary_system} \frac {dY}{dt}=A_\eta Y,\end {equation}


$Y=(I_n,I_v)^T$


\begin {equation*}A_\eta = \begin {pmatrix} (1-\eta )(1-\bar p_0-\eta )\beta _{nn} -(\alpha _n+\gamma _n+\mu ) & (1-\eta )(1-\bar p_0-\eta )\beta _{vn} \\ (1-\eta )(\bar p_0-\eta )\beta _{nv} & (1-\eta )(\bar p_0-\eta )\beta _{vv} -(\alpha _v+\gamma _v+\mu ) \end {pmatrix}.\end {equation*}


$\eta \to 0$


$A_\eta $


$A_0=F-V$


\begin {equation*}F= \begin {pmatrix} (1-\bar p_0)\beta _{nn} & (1-\bar p_0)\beta _{vn} \\ \bar p_0\beta _{nv} & \bar p_0\beta _{vv} \end {pmatrix}, \quad V= \begin {pmatrix} \alpha _n+\gamma _n+\mu & 0 \\ 0 & \alpha _v+\gamma _v+\mu \end {pmatrix}.\end {equation*}


$R_0=\rho (FV^{-1})>1$


$s(A_0)>0$


$s(\cdot )$


$\eta >0$


$s(A_\eta )>0$


$A_\eta $


$\lambda _\eta =s(A_\eta )>0$


$v\gg 0$


$Y(t)\ge Ce^{\lambda _\eta (t-t_2)}v$


$C>0$


$(I_n(t),I_v(t))^T\ge Y(t)$


$t\ge t_2$


$I_n(t)+I_v(t)\to \infty $


$t\to \infty $


$E_{0}$


$X$


$W^S(E_{0})\cap X_0=\emptyset $


$M_{\partial }$


$E_{0}$


$E_{0}$


$M_{\partial }$


$\partial X_0$


$X_0$


$n_p$


\begin {equation*}\begin {aligned} \frac {dI_n^i}{dt}&=r_{nn}(i)I_n^i+r_{vn}(i)I_v^i,\\ \frac {dI_v^i}{dt}&=r_{vv}(i)I_v^i+r_{nv}(i)I_n^i, \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} r_{nn}(i)&=\beta _{nn}^i(1-p)S-\alpha _n^i-\gamma _n-\mu , \quad r_{vn}(i)=\beta _{vn}^i(1-p)S,\\ r_{vv}(i)&=\beta _{vv}^ipS-\alpha _v^i-\gamma _v-\mu , \quad r_{nv}(i)=\beta _{nv}^ipS. \end {aligned}\end {equation*}


$i$


$1$


$n_p$


\begin {equation*}\begin {aligned} \frac {d\bar {V}_n}{dt}&=\underset {n}{\operatorname {cov}}(V, r_{nn})-\mu (\bar {V}_n-\bar {V}^m_n)+\frac {I_v}{I_n}\underset {v}{\operatorname {cov}}(V, r_{vn})+\frac {I_v}{I_n}\bar {r}_{vn}(\bar {V}_v-\bar {V}_n),\\ \frac {d\bar {V}_v}{dt}&=\underset {v}{\operatorname {cov}}(V, r_{vv})-\mu (\bar {V}_v-\bar {V}^m_v)+\frac {I_n}{I_v}\underset {n}{\operatorname {cov}}(V, r_{nv})+\frac {I_n}{I_v}\bar {r}_{nv}(\bar {V}_n-\bar {V}_v), \end {aligned}\end {equation*}


$\mu $


$\bar {V}_j^m$


$j$


$\bar {r}_{jz}$


$q_j^i=I_j^i/I_j$


$j,z\in \{n,v\}$


$a$


$b$


$j$


$\underset {j}{\operatorname {cov}}(a,b)$


$V_j$


$\bar {V}_j$


$j\in \{n,v\}$


$V_j=\bar {V}_j$


$r_{jz}$


$j,z\in \{n,v\}$


\begin {equation}\label {Price} \begin {aligned} \frac {d\bar {V}_n}{dt}&\approx \underset {n}{\operatorname {var}}(V)r'_{nn}(V_n)\mid _{V_n=\bar {V}_n}-\mu (\bar {V}_n-\bar {V}^m_n)+\frac {I_v}{I_n}\underset {v}{\operatorname {var}}(V)r'_{vn}(V_v)\mid _{V_v=\bar {V}_v}+\frac {I_v}{I_n}\bar {r}_{vn}(\bar {V}_v-\bar {V}_n),\\ \frac {d\bar {V}_v}{dt}&\approx \underset {v}{\operatorname {var}}(V)r'_{vv}(V_v)\mid _{V_v=\bar {V}_v}-\mu (\bar {V}_v-\bar {V}^m_v)+\frac {I_n}{I_v}\underset {n}{\operatorname {var}}(V)r'_{nv}(V_n)\mid _{V_n=\bar {V}_n}+\frac {I_n}{I_v}\bar {r}_{nv}(\bar {V}_n-\bar {V}_v), \end {aligned}\end {equation}


$\underset {n}{\operatorname {var}}(V)$


$\underset {v}{\operatorname {var}}(V)$


$G_n=\underset {n}{\operatorname {var}}(V)/t_g$


$G_v=\underset {v}{\operatorname {var}}(V)/t_g$


$t_g$


$G_n$


$G_v$


$t_g=1$


\begin {equation*}\begin {aligned} \frac {d\bar {V}_n}{dt}\bigg |_{\bar {V}_n=0}&=G_v\frac {I_v}{I_n}(1-p)S\beta '(\bar {V}_v)+\frac {I_v}{I_n}(1-p)S\beta (\bar {V}_v)\bar {V}_v\ge 0,\\ \frac {d\bar {V}_v}{dt}\bigg |_{\bar {V}_v=0}&=G_n\frac {I_n}{I_v}\theta pS\beta '(\bar {V}_n)+\frac {I_n}{I_v}\theta pS\beta (\bar {V}_n)\bar {V}_n\ge 0, \end {aligned}\end {equation*}


$\bar {V}_j(t)\ge 0$


$t>0$


$\bar {V}_j(0)\ge 0$


$j\in \{n,v\}$


$\beta _j(V_j)$


$\beta _j(V_j)$


$V_j\in \mathbb {R}_+$


$V_j\to \infty $


$\beta (V_j)\le \frac {\beta _0}{h_v}$


$\beta '(V_j)\le \frac {9\beta _0}{8\sqrt {3h_v}}<\frac {\beta _0}{\sqrt {h_v}}$


$S, p\le 1$


\begin {equation*}\begin {aligned} \frac {d\bar {V}_n}{dt}&\le G_n\frac {\beta _0}{\sqrt {h_v}}+G_v\frac {I_v}{I_n}\frac {\beta _0}{\sqrt {h_v}}-2G_n\alpha _0\bar {V}_n+\frac {I_v}{I_n}\frac {\beta _0}{h_v}max\{\bar {V}_v-\bar {V}_n,0\},\\ \frac {d\bar {V}_v}{dt}&\le G_v\frac {\beta _0}{\sqrt {h_v}}+G_n\frac {I_n}{I_v}\frac {\beta _0}{\sqrt {h_v}}-2G_v\alpha _0\bar {V}_v+\frac {I_n}{I_v}\frac {\beta _0}{h_v}max\{\bar {V}_n-\bar {V}_v,0\}. \end {aligned}\end {equation*}


$y=I_n/I_v$


\begin {equation*}\begin {aligned} \frac {dy}{dt}&=(\beta _{nn}y+\beta _{vn})(1-p)S-\alpha _ny-\gamma _ny-\mu y-y((\beta _{vv}+\beta _{nv}y)pS-\alpha _v-\gamma _v-\mu )\\ &\le \beta _{vn}+(\beta _{nn}-\alpha _n-\gamma _n-\mu -\beta _{vv}pS+\alpha _v+\gamma _v+\mu )y-\beta _{nv}pSy^2\\ &=A+By-Cy^2. \end {aligned}\end {equation*}


$S(t)>0$


$p(t)>0$


$t>0$


$S(0)>0$


$p(0)>0$


$y(t)\le \max \{y(0), \frac {B+\sqrt {B^2+4AC}}{2C}\}$


$I_v/I_n$


$M_1$


$M_2$


$I_v/I_n<M_1$


$I_n/I_v<M_2$


$t>0$


\begin {equation}\label {auxiliary} \begin {aligned} \frac {d\bar {V}_n}{dt}&\le G_n\frac {\beta _0}{\sqrt {h_v}}+G_vM_1\frac {\beta _0}{\sqrt {h_v}}-2G_n\alpha _0\bar {V}_n+M_1\frac {\beta _0}{h_v}\max \{\bar {V}_v-\bar {V}_n,0\},\\ \frac {d\bar {V}_v}{dt}&\le G_v\frac {\beta _0}{\sqrt {h_v}}+G_nM_2\frac {\beta _0}{\sqrt {h_v}}-2G_v\alpha _0\bar {V}_v+M_2\frac {\beta _0}{h_v}\max \{\bar {V}_n-\bar {V}_v,0\}. \end {aligned}\end {equation}


$A_n=G_n\frac {\beta _0}{\sqrt {h_v}}+G_vM_1\frac {\beta _0}{\sqrt {h_v}}$


$A_v=G_v\frac {\beta _0}{\sqrt {h_v}}+G_nM_2\frac {\beta _0}{\sqrt {h_v}}$


$\bar {V}_n>\bar {V}_v$


$\bar {V}_n<\bar {V}_v$


$\bar {V}_n=\bar {V}_v$


\begin {equation*}\begin {aligned} \frac {d\bar {V}_n}{dt}&\le A_n-2G_n\alpha _0\bar {V}_n,\\ \frac {d\bar {V}_v}{dt}&\le A_v-2G_v\alpha _0\bar {V}_v+M_2\frac {\beta _0}{h_v}(\bar {V}_n-\bar {V}_v). \end {aligned}\end {equation*}


$\bar {V}_n(t)\le \max \{\bar {V}_n(0), \frac {A_n}{2G_n\alpha _0}\}$


\begin {equation*}\frac {d\bar {V}_v}{dt}\le A_v+M_2\frac {\beta _0}{h_v}\max \left \{\bar {V}_n(0), \frac {A_n}{2G_n\alpha _0}\right \}-\bigg (2G_v\alpha _0+M_2\frac {\beta _0}{h_v}\bigg )\bar {V}_v.\end {equation*}


\begin {equation*}\bar {V}_v\le \max \left \{\bar {V}_v(0),\frac {A_v+M_2\frac {\beta _0}{h_v}\max \left \{\bar {V}_n(0), \frac {A_n}{2G_n\alpha _0}\right \}}{2G_v\alpha _0+M_2\frac {\beta _0}{h_v}}\right \}\equiv A_1.\end {equation*}


$A_2$


$\bar {V}_n\le A_2$


$\frac {d\bar {V}_j}{dt}\le A_j-2G_j\alpha _0\bar {V}_j$


$j\in \{n,v\}$


$\bar {V}_j(t)\le \max \{\bar {V}_j(0), \frac {A_j}{2G_j\alpha _0}\}$


$H=2\max \left \{\frac {A_n}{2G_n\alpha _0}, \frac {A_v}{2G_v\alpha _0}, A_1, A_2, \bar {V}_n(0), \bar {V}_v(0)\right \}$


$R_{ec}\equiv [0, H]\times [0, H]$


$(\bar {V}_n,\bar {V}_v)$


$R_{ec}$


$\bar {V}_n=H$


$\bar {V}_v\in [0,H]$


\begin {equation*}\frac {d\bar {V}_n}{dt}\bigg |_{\bar {V}_n=H}\le A_n-2G_n\alpha _0H<0.\end {equation*}


$\bar {V}_v=H$


$\bar {V}_n\in [0,H]$


\begin {equation*}\frac {d\bar {V}_v}{dt}\bigg |_{\bar {V}_v=H}\le A_v-2G_v\alpha _0H<0.\end {equation*}


$G$


$G_n\neq G_v$


$f^i$


$s$


$i$


$f^i$


$s$


$i$


$i$


\begin {equation*}\begin {aligned} \frac {dI_n^i}{dt}&=(1-p)S(\beta _{nn}^iI_n^i+\beta _{vn}^iI_v^i)-\alpha _n^i I_n^i-\gamma _n^i I_n^i-\mu I_n^i,\\ \frac {dI_v^i}{dt}&=pS(\beta _{nv}^iI_n^i+\beta _{vv}^iI_v^i)-\alpha _v^i I_v^i-\gamma _v^i I_v^i-\mu I_v^i. \end {aligned}\end {equation*}


$i$


$\beta ^i$


$\alpha ^i$


$1/\gamma ^i$


$f^i$


$R_i$


\begin {equation*}R_i= \left ( \begin {array}{ccc} (1-p)S\beta _{nn}^i-\alpha _n^i-\gamma _n^i-\mu & (1-p)S\beta _{vn}^i\\ pS\beta _{nv}^i & pS\beta _{vv}^i-\alpha _v^i-\gamma _v^i-\mu \end {array} \right ).\end {equation*}


$S$


$i$


$\delta _\alpha ^i=\alpha _v^i-\alpha _n^i$


$\delta _\gamma ^i=\gamma _v^i-\gamma _n^i$


\begin {equation*}f^i=(1-p)f_n^i+pf_v^i-\frac {pS\beta _{vv}^i}{(1-p)S\beta _{nn}^i+pS\beta _{vv}^i}(\delta _\alpha ^i+\delta _\gamma ^i)+o\bigg (\sqrt {(\delta _\alpha ^i)^2+(\delta _\gamma ^i)^2}\bigg ),\end {equation*}


\begin {equation*}f_n^i=\beta _{nn}^iS-\alpha _n^i-\gamma _n^i-\mu , \quad f_v^i=\beta _{vv}^iS-\alpha _v^i-\gamma _v^i-\mu ,\end {equation*}


$f_n^i$


$f_v^i$


$i$


$\alpha _n^i\approx \alpha _v^i$


$\gamma _n^i\approx \gamma _v^i$


$f^i$


\begin {equation*}f^i=(1-p)f_n^i+pf_v^i.\end {equation*}


$s$


$j$


\begin {equation*}\Delta \beta _{jj}=\beta _{jj}^m-\beta _{jj}^w,\quad \Delta \alpha _j=\alpha _j^m-\alpha _j^w, \quad \Delta \gamma _j=\gamma _j^m-\gamma _j^w,\end {equation*}


$\beta _{jj}^w$


$\alpha _j^w$


$\gamma _j^w$


$\beta _{jj}^m$


$\alpha _j^m$


$\gamma _j^m$


$j\in \{n,v\}$


\begin {equation*}f^w=(1-p)f_n^w+pf_v^w,\end {equation*}


$f^m=(1-p)f_n^m+pf_v^m=f^w+s$


\begin {equation*}s=(1-p)\Delta f_n+p\Delta f_v,\end {equation*}


\begin {equation*}\Delta f_n=f_n^m-f_n^w=S\Delta \beta _{nn}-\Delta \alpha _n-\Delta \gamma _n, \quad \Delta f_v=f_v^m-f_v^w=S\Delta \beta _{vv}-\Delta \alpha _v-\Delta \gamma _v.\end {equation*}


$\Delta f_n$


$\Delta f_v$


$E_{01}^n$


$-\mu $


$-\gamma -\mu $


$-k\epsilon \rho $


$2G(\beta _0-\alpha _0)$


$E_{02}^n$


$-\mu $


$-k\epsilon \rho $


$G(\beta ''(v_0^n)-\alpha ''(v_0^n))$


$\beta (v_0^n)-\alpha (v_0^n)-\gamma -\mu $


$E_{01}^v$


$E_{02}^v$


$k\epsilon \rho $


$E_{01}^n$


$\beta _0<\alpha _0$


$\beta _0>\alpha _0$


$E_{02}^n$


$R_g^n<1$


$E_{01}^v$


$E_{02}^v$


$R_c>1$


$E_n^*$


$\lambda ^4+a_1^n\lambda ^3+a_2^n\lambda ^2+a_3^n\lambda +a_4^n=0$


\begin {equation*}\begin {aligned} a_1^n&=\beta (v^*)I_n^*+\mu -G(\beta ''(v^*)S_n^*-\alpha ''(v^*))-k\epsilon \rho (mI_n^*-1),\\ a_2^n&=\beta (v^*)^2S_n^*I_n^*-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )+G\beta '(v^*)^2S_n^*I_n^*\\ &\quad -k\epsilon \rho (mI_n^*-1)(\beta (v^*)I_n^*+\mu -G(\beta ''(v^*)S_n^*-\alpha ''(v^*))),\\ a_3^n&=-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))\beta (v^*)^2S_n^*I_n^*-k\epsilon \rho (mI_n^*-1)(\beta (v^*)^2S_n^*I_n^*\\ &\quad -G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )+G\beta '(v^*)^2S_n^*I_n^*),\\ a_4^n&=k\epsilon \rho (mI_n^*-1)G(\beta ''(v^*)S_n^*-\alpha ''(v^*))\beta (v^*)^2S_n^*I_n^*. \end {aligned}\end {equation*}


$k\epsilon \rho (mI_n^*-1)$


$m<m_b$


$k\epsilon \rho (mI_n^*-1)<0$


$\beta ''(v^*)S_n^*-\alpha ''(v^*)=-4\alpha _0h_vv^{*2}/(1+h_vv^{*2})<0$


$a_1^n>0$


$a_1^na_2^n-a_3^n>0$


$a_3^n(a_1^na_2^n-a_3^n)-(a_1^n)^2a_4^n>0$


$m<m_b$


\begin {equation*}\begin {aligned} a_1^na_2^n-a_3^n&=(\beta (v^*)I_n^*+\mu )[\beta (v^*)^2S_n^*I_n^*-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )\\ &\quad +G\beta '(v^*)^2S_n^*I_n^*-k\epsilon \rho (mI_n^*-1)(\beta (v^*)I_n^*+\mu -G(\beta ''(v^*)S_n^*-\alpha ''(v^*)))]\\ &\quad +G(\beta ''(v^*)S_n^*-\alpha ''(v^*))[k\epsilon \rho (mI_n^*-1)(\beta (v^*)I_n^*+\mu -G(\beta ''(v^*)S_n^*-\alpha ''(v^*)))\\ &\quad +G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )-G\beta '(v^*)^2S_n^*I_n^*]\\ &\quad +k\epsilon \rho (mI_n^*-1)[k\epsilon \rho (mI_n^*-1)(\beta (v^*)I_n^*+\mu -G(\beta ''(v^*)S_n^*-\alpha ''(v^*)))] \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} a_3^n(a_1^na_2^n-a_3^n)-(a_1^n)^2a_4^n ={}&[-\beta (v^*)^2S_n^*I_n^*(G(\beta ''(v^*)S_n^*-\alpha ''(v^*))+k\epsilon \rho (mI_n^*-1))\\ \quad &+k\epsilon \rho (mI_n^*-1)G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )\\ \quad &-k\epsilon \rho (mI_n^*-1)G\beta '(v^*)^2S_n^*I_n^*][(\beta (v^*)I_n^*+\mu )(-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )\\ \quad &+G\beta '(v^*)^2S_n^*I_n^*)-(\beta (v^*)I_n^*+\mu )^2k\epsilon \rho (mI_n^*-1)\\ \quad &-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(-G(\beta ''(v^*)S_n^*-\alpha ''(v^*))(\beta (v^*)I_n^*+\mu )+G\beta '(v^*)^2S_n^*I_n^*)\\ \quad &+k^2\epsilon ^2\rho ^2(mI_n^*-1)^2(\beta (v^*)I_n^*+\mu )]. \end {aligned}\end {equation*}


$E_n^*$


$m<m_b$


$\theta R_c>1$


$E_v^*$


$\lambda ^4+a_1^v\lambda ^3+a_2^v\lambda ^2+a_3^v\lambda +a_4^v=0$


\begin {equation*}\begin {aligned} a_1^v&=\theta \beta (v^*)I_v^*+\mu -G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))+k\epsilon \rho (mI_v^*-1),\\ a_2^v&=\theta ^2\beta (v^*)^2S_v^*I_v^*-G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))(\theta \beta (v^*)I_v^*+\mu )+G\theta ^2\beta '(v^*)^2S_v^*I_v^*\\ &\quad +k\epsilon \rho (mI_v^*-1)(\theta \beta (v^*)I_v^*+\mu -G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))),\\ a_3^v&=-G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))\theta ^2\beta (v^*)^2S_v^*I_v^*+k\epsilon \rho (mI_v^*-1)(\theta ^2\beta (v^*)^2S_v^*I_v^*\\ &\quad -G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))(\theta \beta (v^*)I_v^*+\mu )+G\theta ^2\beta '(v^*)^2S_v^*I_v^*),\\ a_4^v&=-k\epsilon \rho (mI_v^*-1)G(\theta \beta ''(v^*)S_v^*-\alpha ''(v^*))\theta ^2\beta (v^*)^2S_v^*I_v^*. \end {aligned}\end {equation*}


$-k\epsilon \rho (mI_v^*-1)$


$m>m_t$


$k\epsilon x(mI_v^*-1)>0$


$\theta \beta ''(v^*)S_v^*-\alpha ''(v^*)=-4\alpha _0h_vv^{*2}/(1+h_vv^{*2})<0$


$a_1^v>0$


$a_1^va_2^v-a_3^v>0$


$a_3^v(a_1^va_2^v-a_3^v)-(a_1^v)^2a_4^v>0$


$m>m_t$


$E_v^*$


$m>m_t$


$(1-p^*+\theta p^*)R_c>1$


$m\in (m_b,m_t)$


$E^*$


$\lambda ^4+a_1\lambda ^3+a_2\lambda ^2+a_3\lambda +a_4=0$


\begin {equation*}\begin {aligned} a_1&=(1-p^*+\theta p^*)\beta (v^*)I^*+\mu -G((1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*)),\\ a_2&=(1-p^*+\theta p^*)^2\beta (v^*)^2S^*I^*-G((1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*))((1-p^*+\theta p^*)\beta (v^*)I^*+\mu )\\ &\quad +G(1-p^*+\theta p^*)^2\beta '(v^*)^2S^*I^*+k\epsilon \rho p^*(1-p^*)(1-\theta )\beta (v^*)S^*,\\ a_3&=-G((1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*))(1-p^*+\theta p^*)^2\beta (v^*)^2S^*I^*\\ &\quad -k\epsilon \rho p^*(1-p^*)(1-\theta )\beta (v^*)S^*(G((1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*))-\mu ),\\ a_4&=-G((1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*))k\epsilon \rho p^*(1-p^*)(1-\theta )\beta (v^*)S^*\mu . \end {aligned}\end {equation*}


$(1-p^*+\theta p^*)\beta ''(v^*)S^*-\alpha ''(v^*)=-4\alpha _0h_vv^{*2}/(1+h_vv^{*2})<0$


$a_1>0$


$a_1a_2-a_3>0$


$a_3(a_1a_2-a_3)-(a_1)^2a_4>0$


$E^*$


$E_{01}^n=(1,0,0,0)$


$V_1(I,\bar {V})=I(t)+\bar {V}(t)$


$V_1(I,\bar {V})$


\begin {equation*}\begin {aligned} \frac {dV_1}{dt}&=(1-p+\theta p)\beta (\bar {V})SI-\alpha (\bar {V})I-\gamma I-\mu I+G((1-p+\theta p)\beta '(\bar {V})S-\alpha '(\bar {V}))\\ &=(1-p+\theta p)\frac {\beta _0\bar {V}^2}{1+h_v\bar {V}^2}SI-\alpha _0\bar {V}^2I-\gamma I-\mu I+2G\bar {V}\bigg ((1-p+\theta p)\frac {\beta _0S}{(1+h_v\bar {V}^2)^2}-\alpha _0\bigg )\\ &\le \beta _0\bar {V}^2I-\alpha _0\bar {V}^2I+2G\bar {V}(\beta _0-\alpha _0)\\ &=(\beta _0-\alpha _0)(\bar {V}I+2G)\bar {V}. \end {aligned}\end {equation*}


$\beta _0<\alpha _0$


$dV_1/dt\le 0$


$I(t), \bar {V}(t) \ge 0$


$dV_1/dt = 0$


$I(t)=\bar {V}(t)=0$


$\lim \limits _{t\rightarrow \infty }I(t)=\lim \limits _{t\rightarrow \infty }\bar {V}(t)=0$


$\lim \limits _{t\rightarrow \infty }S(t)=1$


$\lim \limits _{t\rightarrow \infty }p(t)=0$


$E_{01}^n$


$\mathcal {D}_s$


$\beta _0<\alpha _0$


$E_{02}^n=(1,0,0,v_{0}^n)$


$V_2(I)=I(t)$


\begin {equation*}\begin {aligned} \frac {dV_2}{dt}&=(1-p+\theta p)\beta (\bar {V})SI-\alpha (\bar {V})I-\gamma I-\mu I\\ &\le \beta (\bar {V})SI-\alpha (\bar {V})I-\gamma I-\mu I\\ &\le \bigg (\frac {\beta _0 \bar {V}^2}{1+h_v\bar {V}^2}-\alpha _0 \bar {V}^2-\gamma -\mu \bigg )I,\\ &=(\alpha _0 \bar {V}^2+\gamma +\mu )\bigg (\frac {\beta _0 \bar {V}^2}{(1+h_v\bar {V}^2)(\alpha _0 \bar {V}^2+\gamma +\mu )}-1\bigg )I. \end {aligned}\end {equation*}


\begin {equation*}F(\bar {V})=\frac {\beta _0 \bar {V}^2}{(1+h_v\bar {V}^2)(\alpha _0 \bar {V}^2+\gamma +\mu )}, ~~ H(\bar {V})=(\alpha _0 \bar {V}^2+\gamma +\mu )(F(\bar {V})-1).\end {equation*}


$v_0^n$


$H(\bar {V})$


$\mathcal {D}_s$


$F(v_0^n)=R_g^n$


\begin {equation*}\frac {dV_2}{dt}\le (\alpha _0 \bar {V}^2+\gamma +\mu )(R_g^n-1)I.\end {equation*}


$v_0^n$


$\beta _0>\alpha _0$


$R_g^n<1$


$\beta _0>\alpha _0$


$dV_2/dt\le 0$


$I(t)\ge 0$


$dV_2/dt = 0$


$I(t)=0$


$\lim \limits _{t\rightarrow \infty }I(t)=0$


$\lim \limits _{t\rightarrow \infty }S(t)=1$


$\lim \limits _{t\rightarrow \infty }p(t)=0$


$d\bar {V}/dt=G(\beta '(\bar {V})-\alpha '(\bar {V}))$


$\lim \limits _{t\rightarrow \infty }\bar {V}(t)=v_0^n$


$\bar {V}(0)\in \mathbb {R_+}\backslash \{0\}$


$E_{02}^n(1,0,0,v_0^n)$


$\mathcal {D}_s\backslash \{E_{01}^n\}$


$\beta _0>\alpha _0$


$R_g^n<1$


$R_g^n$


$R_c$


\begin {equation*}\begin {aligned} R_c&=\frac {\beta (v^*)}{\alpha (v^*)+\gamma +\mu }=\frac {\beta _{0}}{(\sqrt {\alpha _0}+\sqrt {h_v(\gamma +\mu )})^2},\\ R_g^n&=\frac {\beta (v_0^n)}{\alpha (v_0^n)+\gamma +\mu }=\frac {\sqrt {\beta _0}(\sqrt {\beta _0}-\sqrt {\alpha _0})}{\sqrt {\alpha _0}(\sqrt {\beta _0}-\sqrt {\alpha _0})+h_v(\mu +\gamma )}, \end {aligned}\end {equation*}


$R_c>1$


$\beta _0>\alpha _0$


$\beta _0>\alpha _0$


\begin {equation*}R_g^n>1\Leftrightarrow (\sqrt {\beta _0}-\sqrt {\alpha _0})^2>h_v(\mu +\gamma ).\end {equation*}


\begin {equation*}R_c>1\Leftrightarrow \beta _0>(\sqrt {\alpha _0}+\sqrt {h_v(\gamma +\mu )})^2\Leftrightarrow \sqrt {\beta _0}-\sqrt {\alpha _0}>\sqrt {h_v(\gamma +\mu )}.\end {equation*}


$R_c>1$


$R_g^n>1$


$\beta _0>\alpha _0$

https://orcid.org/0000-0002-6529-3321
mailto:lqt19971018@stu.xjtu.edu.cn
mailto:stacey.smith@uottawa.ca
mailto:yxiao@mail.xjtu.edu.cn
https://doi.org/10.1016/j.apm.2026.117225
https://doi.org/10.1016/j.apm.2026.117225
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2026.117225&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/

Q. Liu et al. Applied Mathematical Modelling 162 (2027) 117225

attention has increasingly shifted toward the potential impact of vaccination on viral evolution [9]. Nevertheless, few studies have
explored how pathogens evolve in response to vaccination, which is the focus of this work.

Over the past few decades, there has been a substantial increase in the use of mathematical models to study pathogen evo-
lutionary processes [9-14]. Most existing studies rely on the assumption that evolutionary dynamics unfold on a timescale that
is substantially slower than that of epidemiological processes [12,14-16]. However, this assumption is unlikely to hold for many
pathogens. The application of Price’s equation in evolutionary epidemiology has provided an alternative framework for conceptual-
izing the evolution of infectious diseases, as it clearly disentangles the direct effects of natural selection from those arising through
epidemiological feedbacks, while allowing these feedbacks to operate on timescales comparable to evolutionary change [10,17-19].
To avoid the assumption of mismatched timescales between evolutionary and epidemiological dynamics, Day & Gandon [18] pro-
posed an evolutionary trait model based on Price’s equation, which is tied to general evolutionary principles and closely connected to
the population-genetic literature [17,19]. However, studies of pathogen evolutionary processes in the context of vaccination remain
relatively limited. Moreover, most of these studies assume static vaccination strategies [9,10,14], in which the vaccine uptake in the
population is treated as a constant. Nevertheless, vaccination is a behavioural strategy that may be influenced by the actions of others
and by the current disease spread, which is therefore a time-dependent variable.

Evolutionary game theory has been successfully applied in recent years to model the vaccination dilemma [20-24]. Within this
framework, voluntary vaccination is treated as a time-dependent strategic choice, whereby individuals make vaccination decisions by
weighing the associated costs and benefits. Imitation dynamics are among the most commonly used approaches for describing strategic
changes in vaccination games [3,25-27]. This mechanism assumes that individuals adjust their strategies by imitating peers who are
more successful. However, in reality, an individual’s strategy depends not only on interactions with the surrounding environment but
also on self-assessment [28]. Individuals evaluate their perceived payoffs against an aspiration level. If the perceived payoff exceeds
this aspiration level, they continue with the same strategy; otherwise, they switch to an alternative [29-31]. This mechanism is known
as aspiration dynamics. It is plausible to assume that vaccination strategies are shaped by both imitation and aspiration mechanisms,
an area that has received limited attention thus far.

Disease transmission, vaccination behaviour, and pathogen evolution are tightly coupled and interact with one another. However,
to the best of our knowledge, no detailed studies have yet characterized the joint dynamics generated by the interplay among these
three processes. Existing evolutionary epidemiological models of vaccination have mainly focused on pathogen evolution under fixed
vaccination coverage, whereas vaccination game models have typically treated pathogen traits as fixed and focused on the behavioural
response of individuals to disease risk and vaccination costs. Thus, these two lines of research have largely developed separately.

Motivated by these gaps, this study develops a coupled multiscale modelling framework that integrates epidemic transmission,
pathogen trait evolution and adaptive vaccination behaviour (see Fig. 1). In contrast to previous evolutionary epidemiological models
with static vaccination strategies, vaccine uptake is treated here as a dynamic behavioural variable. In contrast to standard vaccina-
tion game models, the epidemiological environment is not fixed by pathogens with constant traits but is rather shaped by pathogen
evolution. Moreover, vaccination behaviour is assumed to be governed by both imitation and aspiration mechanisms, allowing indi-
viduals to respond not only to the strategies of others but also to their own perceived payoff relative to an aspiration level. The main
novelty of our work is therefore the explicit coupling of vaccination game dynamics with evolutionary epidemiological dynamics,
in which vaccine uptake and pathogen traits evolve simultaneously and feed back into disease transmission. Within this framework,
we consider imperfect vaccines and voluntary vaccination in order to reflect a more realistic epidemiological setting. We then inves-
tigate the long-term impact of pathogen evolution on disease transmission and the evolutionary direction of strain types during the
vaccination period.

The rest of our paper is organized as follows. In Section 2, we develop a multi-scale epidemiological model within a game-theoretic
framework, considering imperfect vaccines and voluntary vaccination, and obtain the threshold R, for disease persistence or extinc-
tion. In Section 3, based on Price’s equation, we establish our evolutionary model for pathogen virulence and examine the positivity
and boundedness of the trait model. Numerical simulations are performed to study the long-term impact of pathogen evolution on
disease transmission. Next, we focus on immunity-adapted variants during the vaccination period, quantify the evolutionary direc-
tion of strain types and parameterize the proposed model using the empirical data in Section 4. Further, we analyze the degenerate
evolutionary vaccination model, where there is no distinction between vaccinated and unvaccinated populations, and we examine
its dynamical behaviour in Section 5. We conclude with a discussion.

2. Epidemiological model with dynamic vaccination strategy
2.1. Transmission process

We use a classical SIR framework that accounts for imperfect vaccination to describe the transmission process. The host population
is assumed to be divided into three classes: susceptible .5, infectious I and recovered R. Assume that susceptible individuals choose
either a vaccination (v) or a non-vaccination (n) strategy. Let p denote the fraction of newly susceptible individuals who adopt
the vaccination strategy (i.e., vaccine uptake) and the remaining fraction 1 — p represents newly susceptible individuals who adopt
the non-vaccination strategy. The fraction p is dynamic and evolves over time according to the principles of evolutionary game
theory, which will be discussed in detail later. When a susceptible host is vaccinated, its internal environment changes, affecting
the replication of the pathogen within the host. Therefore, there is an inherent difference between vaccinated and unvaccinated
hosts; consequently, infected individuals should also be divided into two subclasses: I, and I,,. It should be noted that, owing to the
presence of natural immunity, infected hosts are not assumed to alter their strategy. The disease-transmission model is governed by
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Fig. 1. Schematic diagram illustrating the coupling of the disease-transmission process, the strategy-making process and the evolutionary process.

the following ordinary differential equations:

ds,
dt =(1- p)ﬂ - ﬁnnInSn - ﬂunIUSn - /”Sn’
ds,
a =pu = By Sy = Buo 1Sy, — 1Sy,
d1,
-V = Sn(ﬁnnln + ﬁvnlv) - anIn - 7/"1,, - ”In’
dt M
dl,
ar =S8,Buodn + Poody) — apdy, — v, I, — ply,
dR,
7 = yn[n - ﬂRm
dR,
7 =y, 1, — uR,.

Susceptible individuals who choose vaccination (S,) or non-vaccination (.S,) may become infected and transition to the corresponding
infectious compartment, I, or I,, respectively. The fraction of vaccinators among the newly susceptible population is given by p.
The mean transmission rate of the pathogen from a host of type j to a host of type z, where j,z € {v,n} indicate vaccinated or
non-vaccinated individuals, is denoted by f,,. Specifically, we assume f§;, = §;0,, where f; characterizes the transmissibility of an
infectious individual of type j, and 6, denotes the susceptibility of a host of type z (with 6, > 6,). Parameters y, and y, denote the mean
recovery rates, while a, and a, represent the mean disease-induced mortality rates in non-vaccinated (naive) and vaccinated hosts,
respectively. The natural birth/death rate is given by u. All parameters are nonnegative. Here, S,, S,, I,,, I, R, and R, represent
fractions of the population instead of absolute numbers.

2.2. The vaccination strategy-making process

In the following, we examine the evolution of the vaccine uptake p using the framework of evolutionary game theory. This explicitly
involves reframing the fraction of vaccinators p as a time-dependent behavioural variable p(¢). Assume that the expected payoffs for
vaccinators P, and for non-vaccinators P, are recognized as the negative of the costs and increase linearly with the current disease
prevalence I = I, + I,, [32]. In addition, we suppose that individuals adopting the vaccinating strategy pay a constant additional cost
k. Thus, we have

P(1) = —c, (1), Py(1)=—c,I(z) -k,

where ¢, and ¢, represent the perceived risk of infection for vaccinated and unvaccinated individuals, respectively, with c, > c,.

Vaccinating decisions can be influenced by imitation as well as self-evaluation (or aspiration). Next, we analyze vaccinating
behaviour by coupling both imitation and aspiration update rules based on the method in [29], which lies within the framework of a
mean-field approximation in an infinitely large, well-mixed population. The master equation [29,33] that characterizes the evolution
of vaccination strategies under the mean-field framework, integrating both mechanisms, is given by:

d
d—f = &p(1 = p)(Fyy — Fop) + (1 = (1 = p)F = pF7]. )

Here, 7 denotes the time unit for strategy change and & weighs the relative importance of the imitation mechanism compared to the
aspiration mechanism on decision-making, where ¢ € [0, 1]. F,, (resp., F,,) denotes the switching probability from non-vaccinated
to vaccinated (resp., from vaccinated to non-vaccinated) through the imitation process. F? and F/ are the switching probabilities of
non-vaccinators and vaccinators, respectively, under aspiration-based update rules. The term p(1 — p)(F,,, — F,,) depicts the imitation
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protocol, whereas the term (1 — p)F{ — pF represents the aspiration protocol. In particular, § = 1 (resp., § = 0) corresponds to the pure
imitation (resp., aspiration) dynamics; i.e., pure updating-rule case. Model (2) offers greater versatility by encompassing scenarios
ranging from purely imitation-driven strategy-making to more general cases, thereby better reflecting real-world dynamics. The
switching probabilities F,,, F,,, F? and F! depend on the payoffs P, and P,. We employ Fermi functions to characterize these

switching probabilities as follows:
- 1 1
T p e h(P=P) 1 4 ehk(-mD)’
1 1

on = 1 + e~ HPi—P) ] + ehk(mi=1)’
o= 1 _ 1

n 1 4 e~ (=w,=P) 1 + e@,—c,D) i
Fa 1 _ 1

U T § e hwoP) | 4 ehwcl k)’

where £ is the selection intensity, m = (c, — ¢,)/k represents the risk threshold at which susceptible individuals decide to switch their
strategy through the imitation process and —w, and -, (®,, w, > 0) represent the aspiration level for non-vaccinators and vaccinators,
respectively. The aspiration level can be considered a reference point for comparing one’s payoff gain. A higher aspiration level means
that players are greedy, leading them to revise their strategies when the payoff does not meet their expectations [29]. To prevent the
switching probabilities from being consistently greater or less than 1/2, we impose the following conditions:

m>1, ¢,>2w, and k<w,<c,+k.

n n

2.3. The coupled epidemiological model

Since R, and R, do not appear in the other equations, we only need to consider the remaining equations of model (1). The system
obtained by coupling the transmission model (1) with the strategy-making model (2) can be described by

ds,
ke A =pu = B 1Sy — BondySy — 1Sy
ds,
dt =PH— ﬂm;[nSv - ﬂuulusu - ﬂSu’
o _ gl I I I, —ul 3
? = n(ﬁnn n+ﬂun U)_an n = Vndn = Ky,
dl,
W = Su(ﬂnuln + ﬁuUIU) - aqu ~Volv = ”Iw
d
P = elp(l = p)(Fy, = Fyp) + el = OI(1 = p)E; = pF{]L

Since our main interest is the evolutionary dynamics of the pathogen, the infected compartments 7, and 7, play a central role, as
they represent infections occurring in non-vaccinated and vaccinated hosts, respectively. A more detailed model could explicitly
track the susceptible subgroups .S, and S, as independent state variables. However, to reduce model dimensionality and focus on
pathogen dynamics in the two infectious host types, we introduce a population-level closure approximation for the susceptible classes:
S,(1) = p)S(t) and S,(t) =~ (1 — p(1))S(r), where S(t) = S, (1) + S,(¢). This type of approximation is commonly used in models incor-
porating behavioral change [32,34], and the rationale for its use in the present setting is further discussed in Appendix A. Under
this approximation, the behavioral variable p(r), governed by the evolutionary game dynamics, is used to represent the average vac-
cination composition of susceptible individuals in the reduced model. This yields the following reduced epidemiological-behavioral
system:

ds
Pl Bundy + Pond )X = p)S — By + B )PS — 1S,
di,
W = _p)S(ﬂnnIn +ﬂUnIU) - anln - ynln - ”In’
a )
W = PS(ﬁnUI,, + ﬂuulu) - aqu - yulu - ”IU’
d
d_lt’ = e&p(1 — p)(F,, — F) + (1 = OI(1 = pFC — pF],

where € = 7/t is a scaling parameter. The subsequent analysis is mainly based on this reduced epidemiological-behavioral system (4).
Consider the region

D={(S. I, I, peR : S+I,+I,<1, p<1).

It can be shown that all solutions of system (4) starting in D remain in D for all # > 0. Thus, D is positively invariant, and it is sufficient
to consider solutions in D.
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Theorem 1. The disease-free equilibrium E, = (1,0, 0, j,) of system (4) is always feasible and is locally asymptotically stable when R, < 1,

where
—Ay —J(A)? — 44, A p p
ﬁ _ Az (Az) 4A1A3 R. = ﬂnn(l —P()) + ﬂuupo
0 21‘{1 ' 0 an+yn+” aU+yU+”’
with
) ok _ Rk 1- 1- - 1-
A1=—e§—1 ¢ , A2=€§1 A Gk k3 , A3=€( 5)'
1+ ehk 1+ehk 1 +4ehon 14 ehl@=h) 1 + ehon

Proof See Appendix B.

Here, R, is the basic reproduction number of system (4), which denotes the expected number of secondary infections produced
in a completely susceptible population by a single infected individual during his/her infectious period [35]. Specifically, when the
entire population adopts the non-vaccination (resp., vaccination) strategy, we set p = 0 (resp., p = 1). In this case, model (4) reduces
to a three-dimensional system,; that is, the dynamics of I, (resp., I,) are not taken into account. A straightforward computation yields
the resulting basic reproduction number, denoted by R, (resp., Ry,), where

ﬂrm ﬂvu

Ry, = ———, Ryy=——m.
"ty u Y @ty tu

We next prove the persistence of system (4) for R, > 1 by applying standard methods [36], shown in the following theorem (see
Appendix C for details).

Theorem 2. If R > 1, there exists a positive constant € (0, 1) such that for the system (4)
lim inf(S(), 1,0, 1,00, p(t)) = (a, 71,7, ), O
with the initial conditions (S(0), 1,(0), 1,,(0), p(0)) € IntD, where 1 is independent of initial conditions in IntD.

The threshold R, determines whether the disease will die out. In the case where vaccination affects only the transmission rate g,
incorporating multiple strategy-adjustment mechanisms lowers the disease-elimination threshold compared with the non-vaccination
model (i.e., Ry < R,,), thereby facilitating disease eradication. This shows that the adoption of vaccination is conducive to disease
control. However, this threshold remains higher than that corresponding to universal vaccination in the population; i.e., Ry > Ry,.

Under voluntary vaccination and imperfect vaccine assumptions, numerical simulation further shows that the coupled epidemi-
ological model (4) can induce sustained oscillations via a Hopf bifurcation (see Fig. 2(a)), as demographic turnover (birth/death)
supplies susceptibles and thus promotes the persistence of these cycles. This implies that, unless specific conditions are met, voluntary
vaccination alone is insufficient to eliminate disease spread, a conclusion that aligns with the findings in [3]. Since the transmission
dynamics (1) and the strategic vaccination process (2) may operate on distinct time scales, we introduce a scaling parameter ¢ to
characterize this separation. Here, ¢ = 7 /t, with smaller values of ¢ corresponding to hesitant vaccination decision-making. As in-
dicated by the bifurcation structure in Fig. 2(b), ¢ serves as the key control parameter inducing a Hopf bifurcation; in particular,
oscillations are suppressed only when the strategy-updating process is sufficiently slow (i.e., ¢ < 0.026). When 0 < ¢ < 1, p acts as a
slow variable, and the dynamics of the coupled model (4) resemble those of the classical SIR epidemic model. It should be noted that
system (3) could yield a bifurcation structure similar to that shown in Fig. 2(b), as illustrated in Fig. A.1(d). This further indicates
that the reduced system captures the qualitative dynamical behaviour of system (3).

In conclusion, our results demonstrate that the inclusion of strategy dynamics modifies the disease-elimination threshold and can
lead to the emergence of periodic solutions, which are not observed in the classical epidemiological model without strategy change.
In what follows, we establish evolutionary dynamics for pathogen virulence to study its evolution in the presence of vaccination.

3. Evolutionary adaptation in mean pathogen virulence

Next, we focus on the evolution of the pathogen’s mean virulence level I7j (j € {n,v}), a phenotypic trait. In the framework
developed below, our analysis is confined to scenarios in which the disease persists (R, > 1; see Theorem 2), employing a combined
aspiration- and imitation-based updating rule. For the sake of simplicity, we do not consider multiple infections. Assume that the
distribution of V; in the population is concentrated around the population mean 171 Further, suppose that both the transmission
rates and disease-induced mortality are increasing functions of virulence, reflecting a trade-off between enhanced transmissibility
and reduced host survival, where

Bun = 0,80, Buy = 0,8(7,), @, = a(V,),
Boo % 0,80,), By % 0,8V,), o, ~ a(V,).

Without loss of generality, we assume 6, = 1 as the baseline host susceptibility and denote 6 = 6,, € (0, 1). Here, 6 reflects the reduction
in infectious protential resulting from vaccination. If # and « are linear in 17j, then “~" in Approximation (6) can be replaced by “ =".
To simplify the analysis, we assume the recovery rate remains constant, as its evolution involves host defenses, which are beyond the

scope of this study, but which we have previously investigated [12].
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Fig. 2. An illustration of population oscillations driven by the evolving vaccination strategy in the absence of pathogen evolution. (a) Time series
curves obtained though simulation of (4) with ¢ = 0.1. (b) Bifurcation diagram of the total infected population 7(s) and the vaccine uptake p(r)
with respect to the scaling parameter e. The remaining parameter values are x = 0.002, g,, = 0.375, g, = 0.1875, g, = 0.119, B,, = 0.238, a, = 0.02,
a, =0.015,y, =0.05,y, = 0.05, &£ = 0.9, h =500, k = 0.001, ¢, = 1.5, ¢, = 0.5, w, = 0.001 and w, = 0.005. The initial values are (5(0), 1,(0), 1,(0), p(0)) =
(0.9,0.09,0.01,0.01).

Assuming the mutation rate is negligible, the evolutionary dynamics can be derived following [10,18] as

dv, _ B I ) I o
ar = O (’”Vn)(l —nS- a’%)) + G, (1= PSP )+ 21 = pSPVI, = V),

v, - L T o 7)
i G, <9ﬂ VpS —«a (Vu)> + G,,I—HpSﬁ W)+ I—@pSﬂ(Vn)(Vn -7).

where G, and G, represent the evolutionary adaptation rates in strain types among naive and vaccinated hosts, respectively (see
Appendix D for details). For simplicity, we assume G, and G, are constant. System (7) captures the effects of selection (first term),
selection within the migrant pool (second term) and migration (third term) on the evolution of the mean virulence.

In line with previous theoretical studies on virulence evolution [10,11,37], our results are based on a positive correlation between
transmissibility and disease-induced mortality, characterized by an increasing and saturating transmission-virulence function together
with an increasing mortality-virulence function. More specifically, we use the functional form

72
b7y = L iy = a7 ®)
)= —— aV;)=ayV;
To+nv? ! /
in all our simulations. Here, f, is the baseline transmission rate and «, is the baseline disease-induced mortality, while 4, is a
dimensionless positive constant.

Theorem 3. Consider model (7) with any initial condition (V,(0), V,(0)) € [Ri. The solution (V,(t), V,,(t)) remains nonnegative for all t > 0.
Further, the solution is bounded in Ri.

Proof. See Appendix E.
It is worth noting that systems (4) and (7) characterize the coupled evolutionary-epidemiological dynamics under a dynamic
vaccination strategy, which will be further analysed below.

3.1. Numerical continuation of the long-term effects of the evolutionary adaptation

3.1.1. Effects of evolutionary adaptation rates on oscillation amplitude

We now analyze the influence of the adaptation rate G; on the coupled evolutionary-epidemiological system’s dynamical be-
haviour. Specifically, we restrict our attention to the case in which the two infected groups exhibit identical adaptation rates
(G, = G, =G). From Figs. 3 and 4, it can be observed that as G increases, the amplitudes of both the infected population and
trait cycles vary in a non-monotonic manner. As the evolutionary rate G gradually increases, the system undergoes distinct phases,
as detailed below.

(D Population cycle phase

When the adaptation rate G is extremely small, the infected population I and the vaccine uptake p exhibit periodic oscillations
with an approximately constant amplitude, while the mean trait value V; remains nearly stationary in this phase, with an amplitude
smaller than 0.0001 (see Fig. 3). In this phase, evolution cannot keep pace with the epidemiological changes, and the population
dynamics are therefore mainly governed by epidemiological interactions. Despite their large amplitude, the population fluctuations
in this phase are predictable, since the dynamics are effectively governed by low-dimensional epidemiological ODEs with negligible
evolutionary feedback.
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(ID) Trait-population cycle phase

When the adaptation rate G becomes large, the amplitude of the oscillations in V; increases markedly with an amplitude between
0.0001 and 0.01, whereas that of the infected population I becomes slightly smaller (see Fig. 3). This is because we consider the
evolution of the pathogen; in this case, the direction of evolution is expected to maximize the pathogen’s fitness [11]. Therefore, the
system represents an eco-evolutionary framework with a stabilizing evolutionary feedback. Although an intermediate evolutionary
rate enables trait changes to exert significant feedback on epidemiological dynamics, such evolutionary changes cannot immediately
alleviate population oscillations because of a timescale mismatch between epidemiological fluctuations and evolutionary response.
This "evolutionary lag effect" results in only partial buffering of population fluctuations, which therefore remain pronounced. Note that
in this phase, p oscillates with an approximately constant amplitude, indicating that the vaccine uptake is less sensitive to variations
in the adaptation rate than the infected population /. This is reasonable, as the pathogen influences vaccine uptake indirectly through
its impact on the infected population.

(IID) Cryptic Red Queen dynamics phase

When the adaptation rate G becomes even larger, the amplitude of oscillations in the mean trait ¥, becomes larger with an
amplitude exceeding 0.01, whereas a pronounced reduction in the oscillation amplitude of the infected population density I and
the vaccine uptake p is observed (see Fig. 3). In this phase, the rapid adaptation rate allows the trait to respond quickly, resulting in
seemingly small fluctuations in macro-level population density but intense underlying evolutionary dynamics. This reflects a dynamic
where the stability of large-scale population dynamics may necessitate substantial evolutionary changes at the micro level for its
maintenance. Moreover, small-scale evolutionary processes do not always translate into large-scale population changes, highlighting
the complex interplay between individual adaptations and population-level dynamics. We therefore refer to this regime as the ‘cryptic
red queen dynamics’ phase [38].

(1IV) Stationary phase

When the adaptation rate exceeds a threshold, oscillations in both population size and trait value vanish entirely (see Fig. 3).
This suggests that, in a non-closed population with a continuous influx of susceptible individuals, rapid adaptation rates facilitate the
stabilization of both the macroscopic population and the underlying microscopic traits [38].

Mathematically, Fig. 3 depicts bifurcation diagrams with respect to G, which serves as the bifurcation parameter. Moreover,
adopting the parameter set from Fig. 3, we use MATCONT to construct the bifurcation diagrams of variables 1,, I,,, V, and V, as
functions of G (see Fig. F.1 in Appendix F). Fig. F.1 shows that the coupled evolutionary system exhibits a Hopf bifurcation (denoted
H, when G = 0.0583) at the interface between the cryptic Red Queen dynamics phase and the stationary phase. As G decreases below
0.0583, the epidemic equilibrium (EE) loses stability via this Hopf bifurcation, and numerical simulations indicate the existence of a
locally stable limit cycle surrounding the EE for 0 < G < 0.0583.

Further, we observe two distinct patterns in the amplitude of trait cycles: the amplitudes either reach a peak at an intermediate
adaptation rate before abruptly stabilizing above a threshold (see Fig. 3) or they increase with G (see Fig. 4). In this case, as the
adaptation rate increases, the macroscopic population exhibits cyclic oscillations with an approximately constant amplitude, while
at the microscopic level, the amplitude of trait fluctuations gradually increases. This phenomenon further highlights the complex
interplay between individual adaptation and population-level dynamics.

In the preceding discussion, we assumed that the evolutionary adaptation rate was identical in the naive and vaccinated groups
(G, = G,). We also extended the analysis to the case where the evolutionary rates differed between the two groups (G, # G,; see
Figs. G.1 and G.2 in Appendix G). We found that when the evolutionary adaptation rates of the two groups are not substantially
different, so the dynamics resemble those illustrated in Figs. 3 and 4. However, when G, and G, differ substantially, the situation
becomes more complex. For instance, the stationary phase is more likely to occur in the vicinity of G, ~ 0.1 (see Fig. G.1).

3.1.2. The impact of vaccine-induced transmission blocking on the epidemic steady states

The transmissibility of a viral strain serves as a key indicator for evaluating a vaccine’s performance against that focal strain. We
assume the vaccination to be primarily aimed at blocking transmissibility of the focal strain. Define the vaccine-induced transmission-
blocking efficacy (VTE) as the reduction in transmissibility that vaccination confers, given by VTE = 1 — 6 € (0, 1). Given the current
lack of knowledge regarding the functional relationship among vaccination efficacy, virulence and recovery rate, we examine three
possible scenarios for the recovery rate: y, > y,, v, = 7, and y, <y, (as shown in Fig. 5).

As illustrated in Fig. 5(a), I* declines monotonically with increasing VTE, whereas p* exhibits a non-monotonic pattern, attaining
its maximum at around VTE =~ 0.8. This shows that when the VTE becomes sufficiently high, further enhancement of vaccine efficacy
may result in a decrease in the equilibrium vaccine uptake p*, which reflects the population’s autonomous decision-making behaviour.
This is reasonable, since the perceived risk of infection is greatly reduced as VTE becomes high, making susceptible individuals less
willing to bear the potential risks associated with vaccination and thus less inclined to be vaccinated. However, as VTE continues
to increase, even though the equilibrium vaccine uptake p* decreases, the steady-state density of total infected individuals I* still
declines. This demonstrates that enhancing vaccine effects remains an effective strategy for disease control. It is noteworthy that only
when vaccine efficacy is sufficiently high will the density of unvaccinated infected individuals (1) begin to decline (see Fig. 5(b)).
Furthermore, we find that a higher recovery rate among vaccinated individuals (y, > y, scenario) leads to increased vaccine uptake
in the population and consequently mitigates disease transmission (see the red solid curves in Fig. 5(a)-(b)).

As the pathogen undergoes continuous evolution, the equilibrium virulence dynamically responds to increasing VTE. Impor-
tantly, we find that even when the naive population remains unvaccinated, the equilibrium virulence V* still varies with VTE
(see Fig. 5(c)). For the convenience of analysis, we fix the recovery y,. From Fig. 5(c), it can be observed that when y, = y,, the
equilibrium virulence values satisfy V* ~ V*, and their dependence on VTE becomes negligible, with I7j* remaining nearly constant.

7
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Fig. 3. Bifurcation diagrams of (a) infectious density I and vaccine uptake p, and (b) mean trait dynamics V; in relation to the speed of adaptation
G (when G = G, = G,). We observe four distinct phases: the population cycle phase (1), the trait-population cycle phase (II), the cryptic Red Queen
dynamics phase (III), and the stationary phase (IV). The pink-shaded regions correspond to these three phases in progressively darker tones. The
remaining parameter values are y = 0.004, 6 = 0.4, y, =0.12, y, = 0.12, ¢ = 0.01, £ = 0.1, h = 500, k = 0.001, ¢, = 1.5, ¢, = 0.5, ®, = 0.001, w, = 0.005,
By = 1.5, @y = 0.085 and h, = 1.
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Fig. 4. Bifurcation diagrams of (a) infectious density I and vaccine uptake p, and (b) mean trait dynamics V in relation to the speed of adaptation
G (when G = G, = G,). The shaded areas in the panels indicate the different phases shown in Fig. 4 but without the stationary phase. We set
7. =7, = 0.125, and the remaining parameter values are as in Fig. 3.
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Fig. 5. Equilibrium variation in (a) total infectious density /* and vaccine uptake p*, (b) infectious densities I and (c) mean trait value V;, under

varying VTE. For y, > y, case, we choose y, = 0.12; for y, <y, case, we choose y, = 0.08. Parameter values are y = 0.004, a), = 0.085, ¢ = 0.1, £ = 0.1,
h =150, k =0.001, ¢, = 1.5, ¢, = 0.5, w, = 0.001, @, = 0.005, g, = 1.5, h, =1, G, =0.1, G, = 0.1 and y, = 0.1. Remaining parameters are as in Fig. 4.

When y, > y,, the equilibrium virulence levels I7j* exhibit a decline as VTE increases, with V* > V* across the range of VTE. In con-
trast, when y, < y,, both equilibrium virulence levels V* and V* increase with growing VTE, and the ordering reverses such that
V* < V*. Notably, increasing the recovery rate of vaccinated hosts drives an overall increase in pathogen virulence. This suggests
that when the recovery rate is relatively low, the pathogen could evolve to increase its virulence to compensate for losses due to
host clearance and vaccination. However, as the recovery rate further increases, pathogens become unable to offset the reduction in
infected hosts by elevating virulence, making higher virulence an unfavourable evolutionary strategy. This conclusion is consistent
with previous studies [12].
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4. Pathogen evolution during vaccination campaigns

The above analysis investigated the steady state of the coupled evolutionary-epidemiological system, yielding the final vaccine
uptake and the equilibrium proportions of each subpopulation. We restricted our attention to the evolution of the mean virulence
of the circulating pathogen in the population in the previous analysis. However, multiple strains may coexist during the vaccination
period, and new variants might emerge persistently. The main objective of this section is to analyze the evolutionary direction of
strain types, with a particular focus on potential immunity-adapted variants—that is, those that are well adapted to vaccine-induced
immunity—since such variants can pose substantial risks. In this section, we restrict our analysis to the case during (or at the early
stage of) vaccination.

4.1. Conceptualizing variant evolution

Pathogen adaptation to naive and vaccinated hosts depends on the emergence of new variants and their fitness within each host
type [9]. Adaptation can be quantified by considering both the absolute per capita growth rate of infections caused by a variant
and also this rate relative to that of the currently dominant (wild-type) strain. The former determines if the variant can spread in a
population, whereas the latter will determine if the variant can increase in frequency and thereby potentially replace the currently
dominant type [9].

For a variant i to spread in a population, its absolute growth rate f must be positive (f? > 0). We regard f' as the fitness of
variant i. To increase in relative frequency, its selection coefficient s, defined as the difference between its growth rate and that of the
wild type, must also be positive (s > 0). The fitness f’ of any pathogen variant i and its selection coefficient s can be approximated
as follows (see Appendix H for details)

ff=0=pf,+pf, 9
with

A e N e A A
where f! and f! are the fitnesses of variant i in fully naive and vaccinated hosts, respectively. We have

s=1-pAf,+pAf,, (10)

where Af, and Af, are the differences in fitness between the mutant (m) and the wild type (w) in fully naive (p = 0) and fully
vaccinated (p = 1) populations, respectively. It is worth noting that f! > 0 (resp., f! > 0) if and only if the effective reproduction
number R, @) in a fully naive (resp., Ry, () in a fully vaccinated) host population exceeds unity, assuming that only strain i is
circulating.

With this setup, we can provide a precise definition of a variant being adapted to vaccinated or naive host populations. Since
vaccines are developed against the currently dominant strain (the wild type), we focus exclusively on immunity-adapted variants;
i.e., those for which Af, > 0. These immunity-adapted variants are more fit than the wild type in a fully vaccinated population
and therefore pose a heightened threat to public health. We classify these immunity-adapted variants by their fitness and selection
coefficient following [9], a categorization that is specific to immunological context.

From a selection coefficient perspective, we classify these immunity-adapted variants as either generalists or specialists. An
immunity-adapted variant with Af, > 0 is termed a “generalist", as it spreads better than the wild type in both naive and vaccinated
hosts; whereas if Af, <0, it is termed a “specialist”, being fitter only in vaccinated hosts. From a fitness perspective, immunity-
adapted variants are classified as immunity-inhibited or immunity-facilitated: the former’s fitness decreases as the fraction of the
vaccinated population rises (d f'/dp < 0), while the latter’s fitness increases (d f’/dp > 0). This categorization indicates how vaccina-
tion and immunity-driven pathogen evolution affect infection spread. During vaccination campaigns, emerging variants can be either
specialists or generalists, and either immunity-inhibited or immunity-facilitated [9].

4.2. A case study

We first examine the evolutionary trajectory of the wild-type phenotype, By =0.p(V}) and af = aV}), by analyzing the evolution
of the wild-type virulence Vj“’, where j, z € {v,n}. The phenotypic trait of the dominant strain V” approaches the mean trait V;, and
we approximate the dynamics of vy by system (7). Accordingly, we derive the fitness values f}* and f.’ of the wild-type strain in
fully naive and fully vaccinated hosts, respectively. We focus on the early phase of vaccination, during which the vaccine uptake is
still low and the proportion of susceptible individuals in the population remains nearly constant.

To further exhibit the direction of immunity-adapted pathogen types, we parameterize systems (4) and (7) using daily reported
number of new positive COVID-19 cases in Tokyo from June 12, 2022, to March 18, 2023. This dataset is obtained from [32]. During
the selected period, we assume that the actual daily incidence is approximately fivefold higher than the reported positive cases [32]
and compute the corresponding weekly proportion of newly infected individuals (see circle markers in Fig. 6(b)). In this study, we
focus on short-term data and assume an average recovery period of one week. Accordingly, we set 4 =0 and y, =y, = 0.1429 as
in [32]. We employ the Least Squares Method to fit the parameters; the fitting results are shown in Fig. 6(b). We obtain a coefficient
of determination of r*> = 0.8554, which suggests that the model provides a satisfactory fit to the data. The fitted value of ¢ is 0.8554,
indicating that imitation mechanism played a prominent role in the strategy-updating process at this stage of the pandemic.

9
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The magnitude of the partial rank correlation coefficients (PRCCs) shows the sensitivity of these parameters and the sign of the
PRCCs indicates the positive or negative relationship between the inputs (estimated parameters) and outputs (the cumulative number
of infected individuals). Due to limited information on the distribution of each parameter, we adopt a uniform distribution for all
input parameters x, as proposed in [39]. The ranges for each parameter are defined as [x — 36, x + 36], following the 36 principle, with
the mean set equal to its fitted value (see Fig. 6). The results show that the baseline transmission rate f,, which is directly related to
disease transmission, has the greatest impact on the cumulative number of infections, followed by the imitation emphasis parameter
& (see Fig. 6(c)). This further confirms that the imitation mechanism played a prominent role in the strategy-updating process during
the early stage of the pandemic.

We analyze the first 14 weeks and obtain the weekly fitness coordinates (f.0(1), f,*()) at t = 0, 7 and 14 weeks (blue dots, Fig. 7).
Numerical simulations also show that, during this period, the vaccine uptake increases over time. However, the specific phenotype
of a variant V" cannot be known in advance. Since the mutation is small, we therefore treat the fitness of a variant /™ as random
variables that fluctuate around fjf" (j € n,v). In the numerical simulations, we assume that fj”‘ follows a Gaussian distribution with
mean fj!" and variance 0.3 (black dots, Fig. 7). Note that we do not consider the evolution of these variants, nor do we account for
interactions among different variant strains, as this is too complex and beyond the scope of this study. Therefore, the black dots
remain unchanged between Fig. 7(a)-(b) and serve merely as a schematic illustration.

In the early phase of the host—pathogen association, the vaccine uptake p is low, and the unvaccinated population remains relatively
large. Consequently, most potential new variants are expected to adapt to both host types n and v, meaning that they are more likely
to be generalists. As shown in Fig. 7(a), the purple region is relatively large, and many of the black dots tend to fall within this
region. Over time, as vaccine uptake increases and the proportion of vaccinated individuals in the population rises, most potential
variants are expected to adapt primarily to v-type hosts, and there will be fewer variants that increase fitness in both host types,
implying a higher likelihood of these variants being specialists for further adaptation. As a pathogen becomes progressively adapted
to a novel host, further adaptation to vaccinated hosts is likely to occur at the expense of some degree of adaptation to non-vaccinated
hosts [9]. From Fig. 7(b), we observe that the yellow region expands, with most variants falling within it. Furthermore, the immunity-
maladapted region also enlarges, indicating that the increase in vaccine uptake is more conducive to limiting the emergence of harmful
variants. In general, if SARS-CoV-2 undergoes further adaptation in response to immune priming, our results suggest that the long-
term evolutionary outcome is likely to favour the emergence of specialist variants, in line with the findings of Day et al. [9]. It is worth
noting that, unlike previous studies, our framework incorporates game-theoretic strategic dynamics and quantitatively characterizes
evolutionary directions, rather than presenting merely illustrative evolutionary diagrams. In addition, we calibrate the model with
real epidemic data.

5. The simplified evolutionary-epidemiological system

In the above analysis, we considered the pathogen’s trait (virulence) to vary across host types. Next, we discuss the case in which
the pathogen trait does not vary between host types; that is, V = V, = V,. With respect to the evolutionary dynamics of the mean
virulence, the migration force between host types no longer needs to be taken into consideration. In this scenario, vaccination affects
the host susceptibility 6, and the infected population can therefore be treated as a single class I. Since vaccination games driven by
imitation dynamics have been shown to capture real-world behaviour to a large extent [3,25], we restrict our attention to vaccination
games based on the imitation mechanism to simplify the model analysis. We extend the classic vaccination-game dynamic model [3],
and the resulting simplified evolutionary-epidemiological system is given by

83— y= (1= p+ 0pPO)ST - S,
% =1 -p+0p)BWV)ST —a()I —yI — ul,
an
dp _ _ _
L — ekop(1 — p)mI - 1),
& =61 -p+opp7)s - a' W),

where p represents the combined imitation rate at which individuals sample others and switch strategies [3]. We adopt the same
nonlinear trade-off forms as in (8). Since ' (V) < f,/+/h,, we have dV /dt < 2G(f,/+/h, — @yv). By exploiting the comparison principle,
we have tlim sup V (t) < fy/(ag+/h,). Let

—00

D, ={(S,I,p.V)ER} : S+I<1, p<, 7<to_

i

which is a positively invariant set of the simplified system (11). In the following, we focus on the feasibility and stability of the
possible equilibria of the simplified evolutionary-epidemiological system (11). Direct computation yields the following results.

Theorem 4. The simplified system (11) has up to seven equilibria:
(1) Two disease-free, pure non-vaccinator equilibria, E(’)'1 =(1,0,0,0) and E(’)'z, where

1
/o _ 2
E = (1,0,0,00) = <1,0,0, (ﬁo— VaO) )
h, /o

10
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Fig. 6. (a) Change in positive COVID-19 cases by reported day in Tokyo from June 12, 2022, to March 18, 2023. (b) Weekly proportions of newly
positive cases (circle markers) and the corresponding model fitting results (solid line). (c) Sensitivity analysis: PRCC value for cumulative number
of infections over 40 weeks based on system (4) and (7) with respect to estimated parameters. The sample size is set to 1000 and (*) denotes
PRCCs that are significant. We set 4 =0 and y, = y, = 0.1429 (values from [32]). The estimated parameter values are 6 = 0.75, ¢ =3, £ = 0.811,
h=100.0215, k = 0.0674, c, = 2.4764, ¢, = 1.9449, w, = 0.1932, w, = 0.2971, B, = 0.95, a, = 0.1028, h, = 1.0305 and G, = G, = 0.2086, with initial
conditions S(0) = 0.975, I,/(0) = 0.02, I,(0) = 0.005, p(0) = 0.02, V,(0) = 0.6 and V,(0) = 0.6.
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Fig. 7. The direction of pathogen immunity-adapted types. Plots of the fitness of possible variants in a fully naive and a fully vaccinated population
(dots). The blue dots indicate the prevailing wild type; i.e., the dominant strain with the highest fitness. The black dots indicate the possible variants.
Variants in the grey region are immunity-maladapted (/\ f, < 0). The shaded regions indicate the four different kinds of variants. (a) Early phase
of the host-pathogen association: the large blue dot denotes the wild type at r = 0 (p = 0.02). (b) Later phase of the association: the large blue dot

denotes the wild type at t = 14 weeks (p = 0.8178). The successive light blue dot denotes the wild type at t =7 (p = 0.0778) weeks. Parameters are
as in Fig. 6.
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The equilibrium Ejj, always exists, whereas E(), exists provided that f > a.
(2) Two disease-free, pure vaccinator equilibria, Ej, =(1,0,1,0) and E; where
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1
)
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The equilibrium Ejj always exists, whereas E, exists provided that 6, > a,.

(3) Three endemic equilibria: a pure non-vaccinator equilibrium E* = (S, I*,0,v"), a pure vaccinator equilibrium E* = (S*,I%,1,v*) and
a mixed endemic equilibrium E* = (S*, I'*, p*, v*) corresponding to coexistence of the two strategies. The equilibrium E exists provided that
R, > 1; E} exists provided that R, > 1; and E* exists provided that (1 — p* + 0p*)R, > 1 and m € (my,, m,). Here,
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Next, we provide results on the stability of these equilibria.

Theorem 5.

1. Ej, is globally asymptotically stable if fy < a. For fiy > ay, Eg, is globally asymptotically stable if R <1, where R} = p(vp)/(a(vp) +
u+y).

2. Ej, and Eg, are always unstable.

3. For R, > 1, E is locally asymptotically stable if m < my. For R, > 1, E is locally asymptotically stable if m > m,. E* is locally asymp-
totically stable whenever it exists.

Note that R} > 1if and only if R, > 1 when §, > a.

Proof. See Appendix I.

The local asymptotic stability of E* excludes the possibility of a stable cycle bifurcating from this equilibrium. Notably, the
disease incidence could undergo long transient oscillations before approaching the endemic equilibrium (see Fig. 8). The virulence
of a competitive pathogen should remain positive even when infections are nearly absent, thereby allowing the disease to spread
in the initial phase of an epidemic. This implies that the threshold R} represents the basic reproduction number of the disease in a
fully non-vaccinated population [11]. Unlike previous studies, we incorporate the evolutionary dynamics of pathogen virulence into
the vaccination model. As both the transmission rate g and the disease-induced mortality « are explicit functions of virulence V, the
classical threshold R, governing disease extinction is consequently modified. Here, there exist two thresholds, R}(vf) and R.(v*) with
Rg # R.. Since R;(ug) > 1 holds true if and only if Rc(ug) > 1, the threshold condition for controlling disease extinction is essentially
unique. In the absence of pathogen evolution, these two thresholds coincide; that is, Ry = Rg =R..

From the explicit expression of p*, it follows that p* is a monotonically decreasing function of VTE = 1 — 6. In contrast, models
incorporating both aspiration-based and imitation-based updating rules provide a more realistic description of decision-making dy-
namics: as VTE increases, p* first increases and then decreases, as illustrated in Fig. 5(a). Furthermore, the expression of v* implies
that v* is independent of . As a consequence, the steady-state mean virulence v* remains invariant with respect to variations in VTE.
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6. Discussion

During an epidemic outbreak, pathogen evolution and disease transmission are interdependent. As vaccines are introduced, vac-
cination behaviour is influenced by disease transmission; in turn, vaccination behaviour affects the spread of the disease. However,
most existing mathematical models focus solely on the interplay between pathogen evolution and disease transmission, or between
vaccination behaviour and disease transmission. In this study, we formulated a multi-scale model within a game-theoretic framework,
set in the context of imperfect vaccines and voluntary vaccination. The model integrated three interacting processes—disease trans-
mission, vaccination strategy formulation and pathogen evolution—with the aim of investigating pathogen evolution and its effect
on disease transmission under vaccination.

In the absence of evolution, we first analyzed the threshold dynamics of the SIIp model (4), obtaining the threshold R, for disease
persistence or extinction. We numerically observed that model (4) exhibits periodic oscillations. In the context of disease persistence
(Ry > 1), based on the Price’s equation, we derived the evolution equation for the two traits: average virulence of pathogens within
the vaccinated and unvaccinated populations. Under specific conditions for the trade-off function, we examined the positivity and
boundedness of the trait equation. Within this framework, we performed numerical simulations to study the long-term impact of
pathogen evolution on disease transmission. Specifically, we analyzed the effect of evolutionary speed on the amplitude of the periodic
oscillations in the coupled systems (4) and (7), as well as the influence of vaccine efficacy on the epidemic steady state. Next, we
further analyzed the scenario limited to the vaccination period, focusing on potential immunity-adapted variants. We categorized
the variants into four types and quantitatively described the evolutionary direction of strain types. Additionally, we parameterized
the proposed model using the COVID-19 case data in Tokyo, Japan, for illustration. Finally, we considered the case where there was
no difference between the vaccinated and unvaccinated populations, reducing the system to the classical vaccination model, and
analyzed the dynamical behaviour of this degenerate evolutionary-coupling model.

Our findings demonstrated that co-evolutionary dynamics are highly sensitive to the speed of evolutionary adaptation. As the
evolutionary adaptation rates in the two groups increased simultaneously, we observed several distinct phases: population cycling,
trait-population cycling, cryptic Red Queen dynamics and stationary phases with rapid adaptation. An intriguing finding of this
study is the asymmetric relationship between population dynamics and evolutionary dynamics. Specifically, when the adaptation
is fast, microevolutionary changes (like trait adaptation) can occur with larger fluctuations, but macroevolutionary outcomes (such
as population size) may be more constrained or buffered, highlighting the complex interplay between individual adaptations and
population-level dynamics. However, if two antagonistic traits are considered, such as predator offense versus prey defense, evolution
may drive both traits to escalate continuously, resembling an evolutionary arms race. This represents a destabilizing evolutionary
feedback, under which both population and trait oscillations may amplify at intermediate evolutionary rates, leading to a resonance-
like phenomenon [38,40].

We hypothesize that the vaccine mainly functions in terms of transmissibility. Our results show that the model incorporating both
aspiration-based and imitation-based updating rules reflects the autonomous decision-making behaviour of the population. Compared
to the simplified model based solely on imitation updating rules, it provides a more realistic description of decision-making dynamics.
Based on COVID-19 case data from Tokyo, we observed that if the strain undergoes further adaptation in response to immune priming,
our findings indicated that enhancing vaccine uptake is effective in limiting the emergence of detrimental variants. Additionally,
the long-term evolutionary outcome may favour the emergence of specialist variants. Furthermore, at this early stage, the limited
information drives individuals to rely on the decisions of others, amplifying imitation-based decision-making. Subsequent sensitivity
analysis confirmed this interpretation. The dynamics of the simplified model are relatively straightforward, with no stable limit cycles
bifurcating from the positive equilibrium. Moreover, the threshold for disease extinction or persistence is fundamentally characterized
by a single value.

While previous studies [9,10] used mathematical models to investigate the impact of vaccination on pathogen evolution and
disease transmission, our study provides key methodological advances. Firstly, unlike studies that assumed static vaccination strate-
gies [9,10], we treated vaccine uptake as a time-dependent variable and developed a dynamic vaccination strategy model within a
game-theoretic framework, integrating both aspiration-based and imitation-based updating rules. The model was calibrated with em-
pirical data, providing a more realistic depiction of decision-making dynamics. Secondly, Day et al. [10] only numerically examined
the impact of vaccination on pathogen evolution; however, they did not address the mathematical challenges of ensuring positivity
and boundedness in the two-trait system. We overcame these challenges and rigorously analyzed the dynamics of the corresponding
degenerate coupled system, comparing it with the fully coupled model. Together, these contributions establish a framework coupling
the processes of disease transmission, vaccination strategy formulation and pathogen evolution that constitutes the main advance
of our study: a rigorous, multi-scale framework that not only generates novel predictions unattainable under the static strategy
assumption but also provides a theoretical foundation for understanding pathogen evolution.

Our study has several limitations, which should be acknowledged. First, the model does not account for the co-evolutionary
dynamics between the host and pathogen, which may lead to an overestimation [12] or underestimation [38] of pathogen viru-
lence and disease prevalence, as host-pathogen interactions are inherently antagonistic; future work could consider this process.
Second, we have neglected the possibility of vaccine resistance emerging, which could affect vaccination strategy-making in the long
term and, in turn, influence the evolutionary trajectory of pathogen virulence. Third, the present model is based on a well-mixed
population assumption and does not explicitly account for network structures. Given that physical contact and information networks
may substantially shape both epidemic transmission and vaccination decision-making [41], extending the proposed framework to
network-structured populations represents an important direction for future research. Fourth, the present framework does not in-
corporate optimal-control strategies. Recent work has shown that optimal-control theory can be integrated with vaccination game
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dynamics to assess socially optimal vaccination policies [42]. Extending the proposed framework to an optimal-control setting would
therefore be a promising direction for future research.

In summary, this study innovatively integrated dynamic vaccination strategies into an evolutionary epidemiological model, de-
veloping a rigorous multiscale framework that couples the processes of disease transmission, vaccination strategy formulation and
pathogen evolution. The coupling is not unidirectional; rather, the three processes mutually influence one another. This work provides
key methodological advances for multi-scale mathematical modelling in the context of pathogen evolution and may help to develop
a vaccination treatment protocol that is beneficial to the whole population.
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Appendix A. Rationale for the closure approximation

The behavioural variable p(r) describes vaccine uptake among individuals newly entering the susceptible population. Since the
natural birth and death rates are both assumed to be y, in the absence of infection, the only epidemiological processes affecting the
susceptible classes are recruitment and natural mortality. Therefore, at the population level, the susceptible composition is primarily
determined by the vaccination uptake p(r), which gives S,(t) ~ p(1)S(t) and S, (1) ~ (1 — p(#))S(¢). When infection is present, vaccinated
and non-vaccinated susceptible individuals experience different infection risks and disease-induced mortality. Nevertheless, .S, (t)
remains approximately proportional to p(#)S(#), and .S, (¢) remains approximately proportional to (1 — p(#)).S(r). Since p(t) acts on the
inflow into the susceptible population at the population level, the infected classes usually constitute a relatively small fraction of the
total population. Hence, the differential depletion of S, and S, caused by infection can be regarded as a relatively small correction to
the susceptible composition primarily determined by vaccine uptake among newly susceptible individuals. This provides a reasonable
justification for the population-level closure approximation.

To further support this approximation, we compare the numerical solutions of the full five-dimensional system (3) with those
of the reduced four-dimensional system (4). As illustrated in Fig. A.1(a)-(c), the solution trajectories of the two systems are very
close under the parameter regimes considered, in which x = 0.000001 is sufficiently small. When periodic oscillations occur, the two
models may exhibit some differences in oscillation amplitude. However, these differences do not change the qualitative dynamical
behaviour. As shown in Fig. A.1(d), the full system (3) produces results qualitatively consistent with those obtained from the reduced
system. Therefore, this approximation does not affect the main conclusions of this study.

We emphasize that the reduced system is not intended to be exactly identical to the full system. Explicitly retaining .S, and S, would
provide a more detailed description of the susceptible population. Nevertheless, the reduced model preserves the key mechanisms
relevant to this study: namely, the coupling between vaccination behaviour, infections in vaccinated and non-vaccinated hosts, and
pathogen evolution, while simplifying the mathematical analysis. Therefore, this model reduction is meaningful and appropriate for
the objectives of the present study.
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Fig. A.1. (a)-(c) Time series of the reduced system (4) (pink dashed lines) and the full system (3) (black solid lines). The parameter values are

4 =0.000001 and 8

nn

= 0.25. (d) Bifurcation diagram of the total infected population I(r) and vaccine uptake p(t) with respect to ¢ for system (3),

with g =0.005 and g,, = 0.85. The remaining parameter values are g, = 0.2075, g,, = 0.119, g,, = 0.238, a, = 0.02, ¢, = 0.015, y, = 0.05, y, = 0.05,
£=02, h=280, k=0.001, ¢, =2, ¢, =1, w, =0.001, @, =0.05 and ¢ = 0.5. The initial values for the reduced system (4) are (5(0), I,,(0), 1,(0), p(0)),
while those for the full system (3) are ((1 — p(0)).5(0), p(0)S(0), 1,,(0), 1,(0), p(0)), where S(0) = 0.9, I,(0) = 0.03, 1,(0) = 0.07 and p(0) = 0.5.

Appendix B. Proof of Theorem 1

By direct calculation, we obtain that the expression of the possible DFE is E, = (1,0, 0, 5,), where j, satisfies 4, 13% + A,py + A5 =0,

with

~ 1 = ehk ehk e(1-9¢) 3

ed-9)

- 1-—
0. Ay =et 1+ chen

Al =—eb—F >
! §1+ehk 1+ ehk

Denoting F(p) = A,p* + A,p + A5, we have

o _ e(1-¢
F(0) = 4; >0, F(l)——m

i
1o n <O A

<0, A\ =(4)* —44,4; > 0.

ed -9

1 + ehon

=—>0.

According to the properties of a quadratic function, there is a unique root p, = (=4, — V/\)/(24,) € (0, 1) such that F(,) = 0. By
calculating the spectral radius of the next-generation matrix for model (4), the basic reproduction number R, is

ﬂuvﬁO

_ Pul=h) .
a,+y,+u

a, +y,+Hu

Ry

Next, we analyse the stability of E,. The Jacobian matrix of system (4) evaluated at E, gives the characteristic equation

G+ WA+ VAY®+ Ba+ By) =0,

where
By = —Puby + @y + 1y + H = Bun(l = Po) + @y + 1, + 1,
By = (a, + 1y + 1)@y + 1, + p)(1 = Ry).

This implies that E; is locally asymptotically stable if R, < 1 and unstable if R, > 1.
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Appendix C. The proof of uniform persistence

Define the set
X ={(S.1,1,,p): S>0,1,>0,1,>0,p>0},
Xo=1{(S,1,,1,,p):S5>0,1,>0,1,>0,p>0]},
and
0X, = X\X,.

Then both X and X, are positively invariant, and 90X, is relatively closed in X. To prove that the disease is uniformly persistent,
it suffices to show that 0X, uniformly repels the solutions of system (4) in X,,. Note that system (4) is point dissipative, since the
attracting domain D is a positive invariant set. Define

M, = {(S@), 1,0, I,@), p(t)) € 0X,, : S), I,(t), I,(1), p(r) satisfy system (4)}.

It suffices to show that M, = {(S(),0,0, p(t)) : S(1), p(t) > 0}. Suppose not. Then there exists ¢, = (5(0), I,,(0), I,(0), p(0)) € M, and
1o > 0, such that at least one of the terms in 1, (r) and 1,(¢) is greater than O at r = 1. If I, (ty) > O and I,(t;) = 0, then I/ (to) = p,,1,pS > 0.
That is, 3¢, > 0 such that I,(r) > 0 and I,(r) > 0 for all 7 € (¢,, ¢y + ;). Hence (S(), I, (1), I,(t), p(t)) & 0X,, which contradicts ¢, € M,.
Similarly, we can prove the case I,(t)) =0 and I,(7,) > 0. Thus, we claim M, = {(S(),0,0, p(t)) : S@),p(r) > 0}. Clearly, E, is the
unique fixed point in M,. Then if @ is a solution of system (4) initiating from M,, we have U, ¢, = {Ey}. Thus E, is the compact
isolated invariant set of M, over the initial value g,.

In the following, we show that there exists a constant # € (0,1) when R, > 1, such that for any solution u(t, x,), xo € X,
11_1210 sup | |u(t, xo) — Epl| > n is satisfied; that is, WS(Ey) n X, = @, where WS (E,) is the stable manifold of E,. We prove it by con-
tradiction. Suppose that tlirg sup |[u(t, xo) — Eyl| < n for any sufficiently small > 0; i.e., there exists a positive constant ¢, > 0, for all
t > t,, such that

l=n<S@O<1+n, pp—n=<plt)<py+n.

Hence, for all ¢ > ,, we have

dl

d_zn 2 (1 =mA = py —=Bupdy + Bpnl,) — (@, + v, + 1,

dI

d_zv 2 (1 =mBo —MBuuly + Buply) — (ay, + v, + W1,
Then when ¢ > t,, consider the auxiliary system

dy

— =AY, C.1

it " (C.1)
where Y = (I,,, )T, and

s ((1 =m0 = By = My = @ + 7, + ) (1 =m(1 = By = By, )

! A =mBo = By (A =mBo = mPyy — (ay, + 7, + 1)

As n — 0, the matrix A, converges to A, = F -V, where

F= <(1 _po)ﬂnn a _ﬁO)ﬂun> V= <an tVtu 0 )

ﬁ()ﬂnv ﬁOﬁUU ’ 0 a,ty,+u

Since R, = p(FV~!) > 1, it follows that s(A,) > 0, where s(-) denotes the spectral bound of a matrix. By the continuity of eigenvalues,
there exists sufficiently small » > 0 such that s(4,) > 0. Note that matrix A4, is cooperative and irreducible. Let 4, = s(4,) > 0 be its
principal eigenvalue and let v > 0 be the corresponding positive eigenvector. Then every positive solution of system (C.1) satisfies
Y1) > Ce*"2)p for some constant C > 0. By the comparison principle, we have (1,(¢), I,(t))T > Y (¢) for t > t,. Therefore, we obtain
I,() + I,(t) > o when t — oo, which contradicts system (4) being point dissipative. Thus, E, is an isolated invariant set in X, and
WS(Ey)n Xy =0.

In conclusion, each of the forward orbits in M, converges to E,. Further, E, is aperiodic in M,. By Theorem 4.3 and Remark 4.3
of [36], we can conclude that 0X|, repels uniformly the solutions of (4) in X,.

Appendix D. Derivation of mean virulence model (7)

We assume that n, different pathogen strains compete within a heterogeneous host population consisting of naive and vaccinated
individuals and that the pathogen population may be polymorphic at any given time. For the sake of simplicity, multiple infections
are not allowed. We first extend model (4) to multiple strains and focus only on infectious compartments, which gives

I’

d—t" = Py DI+ 7, (DI,
dr’ o o
ar = rp(O L, + 1y, (DI,
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where
Fan(D) = B, (L= P)S =, =1, = pt. - 1, (D) = B, (1= p)S.
Fop() = BLypS — o =y, — st 1)) = BL,pS.
Here, i is the strain index, which varies between 1 and »,. In each generation, mutation selection within different host types and

migration between host types jointly affect the evolution of mean virulence levels. Following [18] (Egs. (2.9)—(2.10)), the evolutionary
dynamics of mean virulence level can be derived as

av, 1, 1,

e cov(V, o) — H(V, — V’") + —COV(V, Fon) + Fon(Vs = V),
Vl

dv, R 1

o = C(U)V(V,rw) M(V V )+ —cov(V r,,v)+ rnU(V V)

where y is the mutation rate for all strains, VJ"’ is the average trait of all of mutations that arise in j type hosts and 7;, is calculated
over the distribution q} =1 /‘ /1; G, z € {n,v}). The covariance between a and b across all strains among j type hosts is cov(a, b). Assume
J

that the distribution of V; in the population is concentrated around the population mean V; (j € {n,v}). Using a Taylor expansion

around V; = V;, we can approxunate the function r;, (j, z € {n,v}) by picking up leading terms only [10]. This yields
dV"~ Ve, ) —u(Ty = V™) 4 vy, v, Lo o,
v mvar(V)r, (V) ly,=p, —#(V, = V") + I—Vglr( W onVo) ly,=v, +I—ru,,( o=V
_ " " (D.1)
v, o, L
i zvgr(V)r V) ly,=, —u(V, = V") + —var(V)r,w(V) ly,=, +I_rnv V., =V,
U

where var(V) and var()V) are the phenotypic variances in strain types among naive and vaccinated hosts, respectively. Denote
n v
G, =var(V)/t, and G, = var(V)/t,, where 1, is the generation time of the parasite strains. G, and G, represent the corresponding
n U

evolutionary adaptation rates [38]. Without loss of generality, we assume 7, = 1; i.e., the generation time of parasite strains coincides
with a unit time scale of the population dynamics [11,38]. Applying Eq. (D.1) under the assumption of negligible mutation yields
Eq. (7) in the main text.

Appendix E. The positivity and boundedness of trait dynamics (7)

Since
an IU ! (Y7 IU
i G, (1 =p)SF V) + =1 = pSHWV,)V, 20,
dt V,=0 In I,,
dVU In ! Y7 In 7 \1/
=G, 0pSP (V) + 6pSP(V,)V, >
dt V,=0 I, 1,

it follows that l7j(t) > 0 for all t > 0 whenever I7j(0) >0 (j € {n,v}). The transmission function f;(V;) is assumed to be a saturated
response [43]. Here, saturation means that ;(V;) remains bounded for V; € R, and approaches a finite limiting Value asV; — co. On

the assumption that we adopt the trade-off forms in (8), direct calculation yields f(V;) < b ° and p V)< 9’; Oh < _W Since S,p <1,
we have
dv, 1, 1, _ _
—2 <G, bo +G,~ b _sg 2oV, +—ﬂ—max{V V,,0},
dt Vh, I, \/n, 1, h,
dv, I I,
v SGU&+G Libh s 4oV, +—ﬂ—max{V v,.0}.

I, h

Y

Denoting y = I,,/I,,, we have

U

d
d_f =By + B = p)S —a,y = v,y = uy = Y(Byy + BuoyIPS — a, — v, — 1)

< ﬂvn + (ﬂnn =Yy H— ﬁvva + @, + Y + .“)y - ﬂm/pSy2

= A+ By—C)~.

Note that S(r) > 0 and p(¢) > 0 for all 7 > 0 provided that S(0) > 0 and p(0) > 0. It then follows from the comparison principle that

y(t) < max{y(0), ZYB+44C ”;é*“c }. Likewise, we have similar conclusions about I,/I,. That is, there exist positive constants M|, and M,
such that 1,/I, < M, and I,,/I, < M, for all t > 0. Then we obtain

av, _ L
1 <G, bo +G,M, Po -2Gna0n+M1@max{Vu-Vn,0},
dt A /hu A /hu h, ED
v, Bo Bo Bo I '
<G +G,M,—— -2G, aOV +M2—max{V V,,0}.

h U

A R R
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b
Denote A, =G, +G,M and A, =G,
" Jhy ]\/7 \/>

three regions: (1) V, > V,; (ID) V,, < V,;; (II)) V,, = V,. For region (1), we have

+G,M, \/1 Further, we discuss inequality system (E.1) separately in the following

av, _

dt" <A, -2G,aV,,

W o 4, —2G,a07, + My 227, — 7
dr = v - GuaOVv + Zh_(Vn - Vv)'

By the comparison principle, we obtain V(1) < max{V,(0), 3 G

av, A, _
— < A, + Mzi—o max {V(O) G a }— <2Gua0+ M2%>VU.
v n®0 v

Hence, we derive

A+ My 20 max{V(O),zGa }
V, < max1 V,(0), % = A,
2G, a9+ M, 2

Likewise, for region (II), we could obtain a conclusion analogous to that of region (I). That is, there exists a constant A,, such that 17

A,. For region (III), we have ﬁ <A - 2G»aol7j, Jj € {n,v}. It follows from the comparison principle that V (1) < max{ V 0), =~ 2(; - 1.

Define H —2max{26 . ZG p

the trait model (7). We need to verlfy that when (V,, V,) is on the boundary of the rectangle R,., the vector field of the system points
inward toward the interior of the rectangle or along the boundary. When V, = H and V,, € [0, H], direct calculation yields

LAy, Ay, V,(0), 17,,(0)}. Next, we show that R,, = [0, H] X [0, H] is a positively invariant rectangle of

v,
dt

<A, —2G,ayH <0.
V,=H

Similarly, when V, = H and V,, € [0, H], direct calculation yields
av,

0 <A, -2G,apH <0.

Vo=H
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Appendix F. Bifurcation diagrams in different planes related to G.
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Fig. F.1. Bifurcation diagrams in different planes related to G. The blue curves represent stable equilibria, the pink curves represent unstable
equilibria, and a black dot marked with “H” (when G = 0.0583) indicates that the coupled evolutionary system undergoes a Hopf bifurcation. The
first Lyapunov coefficient at the Hopf point is negative, indicating that the Hopf bifurcation is supercritical and the resulting periodic orbit is stable.
Parameters are as in Fig. 3.
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Appendix G. Effects of differing evolutionary adaptation rates (G, # G,) on oscillation amplitude
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Fig. G.1. Effects of differing evolutionary adaptation rates (G, # G,) on the oscillation amplitude level. The grey diagonal line represents G, = G,
(corresponding to the result shown in Fig. 3). Parameters are as in Fig. 3.
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Fig. G.2. Effects of differing evolutionary adaptation rates (G, # G,) on the oscillation amplitude level. The grey diagonal line represents G, = G,
(corresponding to the result shown in Fig. 4). Parameters are as in Fig. 4.

Appendix H. Derivation of the fitness f and selection coefficient s of variant i

In the following, we derive the absolute growth rate f' and the corresponding selection coefficient s for variant i based on the

epidemic model (4). We track the dynamics of variant i using the following system of differential equations:
i
= (1= S I+ Bl 1) = s = T =
i

L =PSB T+ B, 1) — ab T = 1 = I,
The reproductive success of variant i depends on three fitness components: transmission rates (f'), disease-induced mortalities (a’)
and infectious periods (1/y’) in naive and vaccinated hosts, respectively. The per capita growth rate of infections is governed by the
dominant eigenvalue f' of the corresponding transmission matrix R; [9,44]""

R - ( A=DS, —ay =1, —H (- p)SE, )
’ pSh,, PSP, — @, =7, ~ M

Here, the density of susceptible hosts .S is regarded as a slow variable relative to the infection dynamics of variant i [9]. Define
6l =a —al and 6; =7/ —y!. Then we have

fi=(1—l7)fi+l’fi—¢(5i+5i)+0 \/(B)% +(81)?
" Vo (l=pSpl +pSp T « )
with
=B S -t n fi= St

where ! and f! are the fitnesses of variant i in fully naive and vaccinated hosts, respectively. Assuming that the disease-induced
mortality rate and the recovery rate among hosts differ only slightly (a ~ o/ and y/ » y}), the fitness ' can be simplified as

1= =pfy+pf,
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In what follows, we consider the selection coefficient s. For simplicity, we assume that the effects of mutation on the different
viral fitness components within the host j are small and denote them as

— pm w _ m w —_ . m w
Aﬁjj_ﬁjj_ﬁjj’ Aaj—aj —aj, ij_yj —}’j,

where ﬁ/’.ﬁf, a}" and y/’." (resp., ﬂj’."j, a;" and y/’.") are the fitness components of the wild type (resp., mutant) and j € {n,v}. Accordingly,

the fitness (growth rate) of the wild-type population is given by
f=0=-pf +pof),

and the fitness of the novel variant is " = (1 — p)f" + pf} = f* + s, where
s=1-pAf, +pAf,.

with
Afy=f7 =1 =SAB, — Ao, = Ay,, Af, =[] f=SAp, —Aa,— Ay,

Thatis, A f, and A f,, are the differences in fitness between the variant and the wild type in fully naive and fully vaccinated populations,
respectively.

Appendix I. Proof of Theorem 5

By simple calculation, the Jacobian matrix at Eg, has three negative eigenvalues: —u, —y — pu, —kep, and the other eigenvalue is

2G(fy — ay). The Jacobian matrix at Ejj, has three negative eigenvalues: —u, —kep, G(" (v])) — "' (v})), and the other eigenvalue is

B(vy) — alvy) — v — u. The Jacobian matrix at Ej; and Eg, both have a positive eigenvalue kep. This implies that the equilibrium Ef,
is locally asymptotically stable if §, < ay; when f, > &, Ef, is locally asymptotically stable if R <1, while Ej, and Ef, are always
unstable.

Next we examine local stability of the possible endemic equilibria. For R, > 1, the characteristic equation of E* is A* + aj B+
a2+ dl A+ d} =0, where
aj = B} + p— G (0)S; =’ ") = kep(ml; — 1),
ay = PO ST = G (0")S) — o W NPBWL; + 1) + G (0 Si T
— kep(mI; = DBWHI; + p — G(B" @")S; — o (")),
di = —=G(p"(v")S; — " WNPW*)SIT — kep(mI} — D(BW*)* SiT?
—G(" NS — " WNBWHIF + p) + G () SETY),
dy = kep(ml; — DG(B" (v*)S) - a”(u*))ﬂ(v*)zS:I:.
Simple algebraic manipulation yields that kep(mI; —1) is an eigenvalue. Assuming m < m,, we derive kep(mlI} —1) <0. Since
B (W)S; — o (%) = —dagh,v*? /(1 + h,v*?) <0, it is evident that @/ > 0, a}d} — a} > 0 and d(a}d} — a}) — (a})*a} > 0 hold true when
m < my, where
dlay —ay = (P, + WIBW* P SETE = G (W")S) — o (W NBWHT + p)
+ G WS — kep(mI? — D(BWHIF + u— G(B" *)SF — o (*))]
+G(B" ")) — o' (W Dlkep(mI; — DBW)I; + p = GB" ") — o' ()
+G(P"W)S; — " WNPBWHIF + p) — GF ("SI T
+ kep(mlI — D[kep(mI} — DY(BW)F + u— G(B"(0*)S — o’ (v¥)))]
and
di(dldy — dy) — (d)’d} = [-W*) S; TGP (v)S: — ' (%)) + kep(mI} — 1)
+ kep(mI} — DG(B" W")ST — o' (WNBWHIF + p)
= kep(mI* = DG 0" SETAPWHI} + w) (=GB W*)S) — o’ WNBWHI} + p)
+ G W ST = (BWHIY + ) *kep(mly = 1)
=G ")S; — " NGB W")S} — o W NPWIE + p) + G ") SiT7)
+ e PP (mIy = )BT + W
Combining the Routh-Hurwitz stability criterion, we conclude that E* is locally asymptotically stable if m < m,,.
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For OR, > 1, the characteristic equation of E} is A* + a}A* + aj 4> + a{4 + a} = 0, where
a’ = 0PI + u— GO (W*)SF — o' () + kep(mI} — 1),
Y= 02BN SITE = GO (0N)S] — o (WNOBWII + p) + GO (VY SET
+ kep(mI} = DOPWHI] + u— GOP'W)S] - (v))),
al = —GOp" (v")S; — o (WO BWH)SIIY + kep(mlI} — 1)(O> (™) SiT)
— GO (")} — " WNOBWHI} + w) + GO* B (W) S;T)),
a = —kep(mI — DGOP" (v*)S; — o (V*)O*pW*) ST
Simple algebraic manipulation yields that —kep(mI; — 1) is an eigenvalue. Assuming m > m,, we derive kex(mlI} —1) > 0. Since

08" (v*)S* — o (V") = —daph,v*? /(1 + h,v*?) < 0, direct calculation yields that @ >0, a¥ay — a4 >0 and af(a’al — ) - (a’l’)zaZ >0

hold true when m > m,. Combining the Routh-Hurwitz stability criterion, we conclude that E; is locally asymptotically stable if
m> m,.
For (1 — p* + 0p*)R, > 1 and m € (m,, m,), the characteristic equation of E* is 4* + a; A*> + a,4> + a3 A + a, = 0, where
ap = (1= p* +0p")BW)I* + p = G(1 = p* + 0p")p" (v*)S* — "' (")),
ay = (1= p* +0p*) BW* Y’ S*I* = G((1 = p* + 0p")f" (*)S™ — &' (W)((1 = p* + Op™) (W) I* + )
+G(1 = p* +0p")f (") S*I* + kepp*(1 — p*)(1 — O)B(v*)S™,
a3 = =G((1 = p* +6p")p" W)S* — o' WD ~ p* +6p") p(0") S*I*
— kepp*(1 = p*)(1 = O)WH)S*(G((1 = p* + 0p )" (W)™ — " (V")) — ),
ay = —G((1 — p* + 0p")B" (v")S* — &' (W*))kepp*(1 — p*)(1 — O)BW*)S* .
Since (1 — p* + p*)B" (v*)S* — o' (v*) = —4ayh,v*? /(1 + h,v*?) < 0, direct calculation yields that a; > 0, a;a, — a3 > 0 and a;(a;a, —
a;) — (a;)*a, > 0 hold true. Combining the Routh-Hurwitz stability criterion, we conclude that E* is locally asymptotically stable
whenever it exists.

To show the global stability of E(’)’1 =(1,0,0,0), we consider the following Lyapunov function: V{(I,V) = I(t) + V(¢). The time
derivative of V;(I, V) computed along solutions of the simplified system (11) is

dv, _ _ _ _
d—tl == p+0p)BV)ST —a(V)I —yI — ul + G((1 = p+0p)F'(V)S — ' (V)
boV? 2 -( BoS >
=(l-p+0p)———=—SI — oV I -yl -yl +2GV (1 - p+6p)——— —«
(I-p p)1+hUV2 0 rI—p (I=p p)(1+hUV2)2 0

< BVE — agV2T +2GV (fy — ap)

= (By — ap)(VI +2G)V.
As all parameters are positive, if f; < «, then dV; /dt < 0forall I(r), V(t) > O with dV;/dt = O only at I(t) = V (t) = 0. Applying LaSalle’s
invariant set principle, we have tlim 1(t) = tlim V(t) = 0, which together with (11) imply tlim S@® =1 and Ilim p(t) = 0. Hence, E, isa
global attractor of the simplified system in D, when f, < a.

To show the global stability of Ej, = (1,0,0, ), we consider the following Lyapunov function: V,(I) = I(¢), which has the following
property along the simplified system
dv;

—7 = =p+0p)pO)ST = a(V)I = y1 = ul
<PW)ST —aW) —yI — ul
ﬂ0V2 2 )
g VP—y—u]l,
= <1+hUV2 fot I H
_ BoV? )
= (ayV? _ _ —1)1.
(g +7+M)<(1 T S R
Let
> BoV'* o, _
FW) HWV) = (V" +ry+mFV)-1).

A+ )
Simple calculation yields that the equilibrium value ug is the maximum point of H(V) in D,. Note that F(ug) = Rg, SO
dVZ 72 n
i <(V-+y +,u)(Rg —DI.

Recall that vf exists iff §, > ay. Since all parameters are positive, if R} < 1 and f; > ay, thendV,/dt <0 forall I() > 0 with dV,/dt = 0
only at I(r) = 0. Applying LaSalle’s invariant set principle, we have tlim 1(t) = 0, which together with system (11) imply Ilim St =

1 and tlim p(t) = 0. Bring them into the third equation of system (11), we have dV /dt = G(f'(V) — o/ (V)). It is easy to show that
—00
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tlim V() = vg for any V(0) € R, \{0}. Hence, E(’)'Z(I,O, 0, ug) is a global attractor of the simplified system in Ds\{E&} when g > a,
—00
and R; < 1.

Finally, we investigate the relationship between the thresholds R} and R.. Simple calculation yields
B*) _ Po
AT (fag+ VR F )P
el P VRWR -V
eyt u Jag(yBy — \fag) + hu(u+ )

R

.=

indicating that R, > 1 implies g, > «,. Given f, > a,, we obtain that

Rl > 1o (Vo= v/a? > hy(u+7).

Note that

Thi:

R.> 18 fy> (Vag + Vh(r +w)* & vy — Jag > Vhr + ).

s implies that R, > 1 if and only if R} > 1 when £ > .
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